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Abstract. Laboratory experiments have been carried out in a large laboratory flume using
a nearly uniform sand and under controlled steady flow conditions such as to ensure the
development of alternate bars on a ripple and/or dune-covered bed. The interaction
between small-scale and large-scale bed forms is found to enhance a modulation in time
and in space of the bar pattern. Moreover, the flow depth decrease experienced by the
flow field when approaching bar fronts, leading to a progressive reduction of the
dimensions of small-scale bed forms, may influence appreciably the overall flow resistance.
Experimental values of bar wavelength and of bar celerity are compared with the
theoretical estimates obtained from a model developed within the classical framework of
linear stability analysis. In particular, the model accounts for the local variability of
friction coefficient and water level, for the secondary helical flow effects, and for the
influence of longitudinal slope on sediment transport. Quantitatively satisfactory
predictions of bar wavelength appear to be possible in spite of the fact that in various runs
a correct estimation of flow resistance and flow discharge appears to be relatively difficult.

1. Introduction

Under widely occurring circumstances, flow in a straight
channel with erodible bed is unstable, and large-scale migrat-
ing bed forms develop. These bed forms, usually called alter-
nate (free) bars, are characterized by a sequence of steep
consecutive diagonal fronts with deep pools at the downstream
face and gentler riffles along the upstream face. The changes in
river morphology induced by the presence of such bed forms,
whose height and wavelength scale with flow depth and chan-
nel width, respectively, have a nonnegligible impact on several
aspects of river engineering such as the safe conveyance of
water, sediment and ice, navigation, bank protection, the de-
sign of fluvial structures, water supply, fishery, and environ-
mental protection.

In the last few decades a large number of studies, both
theoretical and experimental, have been devoted to under-
standing the physical mechanisms underlying the formation
and development of these bed forms and to predicting the
conditions for their formation (see Seminara and Tubino [1989]
and Seminara [1995] for an extensive review).

It is now fairly well understood that these processes can be
explained in terms of an instability mechanism. The basic idea
is that under appropriate conditions, the uniform flow taking
place in a flat cohesionless bottom of a straight channel loses
stability to infinitesimal three-dimensional (3-D) perturbations
which consist of growing and migrating disturbances of length
scale of channel width [Hansen, 1967; Callander, 1969; Enge-
lund and Skovgaard, 1973; Parker, 1976; Fredsoe, 1978; Blon-
deaux and Seminara, 1985; Colombini et al., 1987; Seminara and
Tubino, 1989]. Spatially growing steady disturbances can also
arise forced by some nonuniform initial conditions [Struiksma
et al., 1985; Struiksma and Crosato, 1989].

In linear stability analysis these perturbations are assumed

to be small enough (strictly infinitesimal) for linearization to be
a valid approximation. It is thus possible to determine the
neutral stability conditions in the space of flow and sediment
parameters. For the bar problem it turns out that in the plane
given by the width to depth ratio b and the Shields parameter
Q, a neutral curve exists along which an infinitesimal distur-
bance neither grows nor decays. This curve exhibits a minimum
value of b (critical conditions) above which bars are expected
to grow. Within the context of a linear stability theory it is also
possible to predict the wavelength and wave speed of the per-
turbations selected by the instability process (i.e., those corre-
sponding to maximum growth rate), while, to the contrary, the
bar amplitude remains undefined.

In order to estimate the equilibrium amplitude of a bar
front, it is necessary to relax the linear constraint and account
for the nonlinear interactions between different harmonics.
Indeed, Colombini et al. [1987] showed that the weakly non-
linear interactions arising in a neighborhood of the minimum
of the neutral marginal stability curve inhibit the indefinite
growth predicted by the linear theory, the development of
higher harmonics resulting in diagonal fronts with high down-
stream steepness. The wave speed of free alternate bars was
also shown to be affected by nonlinearities.

As the width to depth ratio b increases, the strongly nonlin-
ear competition between different modes not only affects sig-
nificantly bar height and celerity but also enhances the selec-
tion of higher-mode configurations, namely, central bar mode
or multiple row bar mode [Colombini and Tubino, 1991].
Moreover, because of the nonlinear interactions between per-
turbations of different wavelength, the periodic alternate bar
pattern might become unstable under suitable values of the
parameters and develop a modulation in time and in space, as
shown by Schielen et al. [1993].

Existing experimental data [Kinoshita, 1961; Ashida and
Shiomi, 1966; Chang et al., 1971; Sukegawa, 1971; Muramoto
and Fujita, 1978; Ikeda, 1982; Jaeggi, 1984; Fujita and Mu-
ramoto, 1985; Garcia and Niño, 1993] seem to suggest that
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despite that the above mathematical models are formally valid
only within restricted ranges of parameters, a wider applica-
bility is to be observed [see Colombini et al., 1987, Figure 7;
Garcia and Niño, 1993, Figure 6]. Nevertheless, various ques-
tions still need to be investigated.

The criterion that the selected bar wavelength corresponds,
for a given value of the width to depth ratio, to the maximum
growth rate is not supported by any theoretical evidence except
in a restricted neighborhood of the minimum of the neutral
stability curve. Away from this minimum an increasingly large
range of unstable wavelengths is excited, and although the
growth rate always exhibits a maximum, it is an open question
whether or not nonlinear interactions between different modes
affect the development of bar wavelength. The weakly nonlin-
ear models of Colombini et al. [1987] and Schielen et al. [1993]
and the strongly nonlinear model of Colombini and Tubino
[1991], in fact, are all concerned with the wavelength given by
critical conditions. The experimental runs carried out by Gar-
cia and Niño [1993] seem to indicate that the wavelength tends
to increase from its critical value as b increases over the critical
condition for the formation of alternate bars. Nevertheless, in
the latter case a rapid tendency toward a constant value of the
wavelength appears to occur. Garcia and Niño [1993] found
that such a value tends to be underestimated by the wavelength
corresponding to the critical condition. Moreover, the fully
nonlinear computations carried out by Nelson and Smith [1989]
suggest that nonlinear effects might be responsible for the
lengthening of bar wavelength toward an equilibrium value
experimentally observed by Fujita and Muramoto [1985].

Available experimental data are mostly concerned with a
plane bed configuration. However, microscale (ripples) and
macroscale (dunes) bed forms are likely to interact strongly
with secondary flow induced by bars [Tubino and Seminara,
1990] and to affect bar formation itself. In addition, the above
mentioned theoretical models assume either that the channel
width is large enough or that the banks are not very steep, so
that sidewall effects are negligible in the central region of the
flow. This implies that experimental and theoretical results are
comparable only for high values of the width to depth ratio.
Hence, if the flume width is small (20–50 cm), the flow depth
must be also small (1–4 cm) often implying that the Froude
number of the flow is quite high (frequently greater than 1),
while, usually, this is not the case in the prototype. Indeed, the
transitional stage between the lower flow regime, characterized
by a plane bed or by a dune-covered bed, and the upper flow
regime, characterized by a plane bed or an antidune-covered
bed, is generated for a Froude number of about 0.6–0.7 in
flume conditions and of about 0.2–0.3 in field conditions [van
Rijn, 1984].

The present contribution describes an extensive series of
experiments carried out in a quite large flume under well-
controlled steady flow conditions characterized by relatively
moderate Froude numbers (i.e., small grain diameter to flow
depth ratio) and by an initial bed configuration covered by
ripples and/or dunes. The experimental results are then com-
pared with the theoretical predictions obtained from a linear
stability model which accounts for the variability of bottom
friction coefficient, the secondary helical flow effects, and the
influence of longitudinal slope on sediment transport. The
paper is organized as follows. In section 2 the experimental
apparatus is described along with data acquisition procedures
and data processing. Section 3 is devoted to the discussion of
the experimental results. The linear stability model and the

comparison between experimental and theoretical results are
described in section 4. Finally, section 5 reports some conclud-
ing remarks.

2. Materials, Experimental Apparatus,
and Methods
2.1. Sediment

We report here on 11 experimental runs carried out with a
single sediment. The sediment had a geometric mean diameter
d*g of 0.48 mm, a d*90 (i.e., the grain size for which 90% of the
distribution is finer) of 0.71 mm, and a geometric standard
deviation s*g of 1.3 mm (here and in the following an asterisk
will denote dimensional quantities). The grain size distribution
was lognormal. Also, the sediment consisted almost entirely of
quartz and nearly quartz density mineral, with a density rs 5
2.65 g/cm3.

2.2. Experimental Apparatus

The experiments were made in a flume with a rectangular
channel 55 m long, 1.5 m wide, and 1 m deep, with sidewalls
consisting of a steel frame with glass windows. Water and
sediment were recirculated separately. At the upstream end of
the channel a 16 m long, 5 m wide stilling basin ensured a
smooth and regular inflow into the flume. The water entering
the stilling basin was supplied by a constant-level reservoir. At
the downstream end of the flume the water passed over a
V-shaped, 10.45 m long, 3.9 m wide sediment trap and fell over
an automatically controlled tailgate. The water was then col-
lected through a return flume to an underground water storage
tank from which it was pumped to the constant-level reservoir.
Water slope in the channel was established and/or maintained
by adjusting the level of the tailgate. Water discharge was
measured continuously through a Rehbock weir installed in
the return flume.

The sediment trap located at the end of the flume caught
virtually 100% of the passing sediment. The settling sediment
was pumped continuously with a small discharge of water to a
hydrocyclone installed at the upstream end of the flume. There
water and sediment were separated, the sediment remaining in
a small storage tank below the hydrocyclone. The increase in
weight of this tank was continuously recorded by a balance
system. When the increase in weight had reached a preset
value, the storage tank automatically opened, and the sediment
was dropped into the flume via a diffuser.

2.3. Methods

Two different kinds of experiments were carried out: the
free bar tests and the forced bar tests. In free bar runs the
initial bed configuration was almost plane, and the tailgate was
initially adjusted to obtain the required energy slope while the
water discharge was kept constant. Each experiment was
stopped when equilibrium conditions were obtained, that is,
when the bed slope was equal to water surface slope and, on
average, the solid discharge and bar features reached nearly
constant values. The forced bar experiments began immedi-
ately after the related free bar test; both water discharge and
energy slope remained unchanged, but at the beginning of the
channel, immediately after the sediment dropping section, a
rectangular board of length B*ob was inserted next to the left
sidewall, perpendicularly to the flow.

A summary of experimental conditions is reported in Table
1, where Q* denotes water discharge, is is the water surface
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slope, D*0 is the average flow depth, U*0 is the average velocity,
t*0

I is the skin friction portion of the total bed shear stress t*0,
and Q*s is the measured average volumetric solid discharge,
including pores. Because of bed form presence, following Wil-
cock [1992], t*0

I was estimated using the drag-partition proce-
dure of Einstein [1950] assuming 2d*90 to be representative of
grain roughness. The water surface slope and the average flow
depth were evaluated from the measurements of the water
level and of the bottom profile taken periodically within the
flume. In particular, the bottom profile was measured at every
centimeter along three different longitudinal sections by three
profile indicators installed along the axis of the flume and 20
cm from each wall; simultaneously, a water level indicator
located along the flume axis allowed measurement of water
level. These instruments were mounted on a carriage, driven by
a motor and riding on two rails parallel to the floor of the
channel. The measuring reach of the flume ranged between 7.9
and 51.7 m. The upstream 7.9 m of the channel were not
considered since a few channel widths were necessary to allow
both the boundary layer to develop and the supplied sediment
to spread within the entire cross section. The downstream limit
of the measuring reach, moreover, was imposed by the overall
size of the moving carriage.

3. Experimental Results
Before discussing in detail the experimental results, it may

be worthwhile to briefly describe the evolution of bed topog-
raphy observed in run P1801. In this run, in fact, owing to the
low sediment transport rate, the final equilibrium state was
reached very slowly. A few hours after starting the test, the
initial flat bed configuration was altered by the presence of a
nearly regular pattern of almost two-dimensional ripples with
wavelength and height ranging between 15 and 30 cm and 0.5
and 1 cm, respectively. Later, some well-shaped bars began to
appear, in particular, in the second half of the flume. The bars
displayed wavelengths very close to the equilibrium values,
while their amplitudes were very irregular and, on average,
lower than the value characterizing the final configuration.
Thus, as already observed by Fujita and Muramoto [1985], it
appears that the bar height begins to grow quickly only after
the bar wavelength, owing to bar edge formation, has almost
reached its equilibrium value.

Figure 1 gives an overall view of the bottom configurations
obtained at the end of each run. The final bed configuration

observed in nearly all the runs was typical of a single row of
alternating bars (see Figure 2a). However, in runs such as
P1505 and P1605, characterized by relatively high values of the
width to depth ratio (b being 17.0 and 22.7, respectively),
although a central bar configuration never formed, the trans-
verse profile exhibited a significant raising toward the axis, as
shown in Figures 2b and 2c. The growth of small-scale bed
forms such as ripples and/or dunes appeared to be a distinctive
feature of all the experiments. Indeed, according to van Rijn’s
[1984] classification of bed forms in the space given by the
transport parameter T and the dimensionless particle size $*
the experimental points locate just on the boundary between
the ripple and the dune regimes (i.e., $* 5 11.5 and T 5
0.4–3.5). A first consequence of the presence of small-scale
bed forms was the difficulty of correctly estimating bar fea-
tures. The longitudinal bottom profiles measured through the
bottom profile indicators, in fact, were significantly distorted by
high-frequency components. It was thus necessary to filter the
detected signal using the moving average method [Wang,
1987]. A further piece of information was obtained from the
analysis of the power spectrum of the recorded bed profiles.

The distinctive features of free bar are summarized in Table
2, where L*b denotes bar wavelength, H*b is bar height calcu-
lated as the difference between the maximum and the mini-
mum bed elevation within a bar unit, and c*b is bar celerity
estimated by comparing the plots of the longitudinal bed pro-
files after measurements taken at different times. It is worth
noting that H*b generally underestimates the actual bar height
since measurements of lateral bed profiles were taken 20 cm
from the walls. The double value of the wavelength character-
izing P2403, P0404, P1204, and P2804 is associated to the
presence in the power spectra of the lateral profiles of two
main peaks having comparable intensities and wavelengths dif-
fering by a factor of about 2 [Lanzoni, 1996]. A third minor
peak was also detected displaying a wavelength similar to that
associated with the predominant peak of the longitudinal axis
profile, which, even in presence of bars, gives a reasonable
estimate of ripple and/or dune wavelength [Wang, 1987].

The mutual interaction between bars and small-scale bed
forms with wavelength and height ranging from 40 to 60 cm
and from 2 to 4 cm, respectively, appeared to be extremely
strong in runs P2304, P0404, P1204, and P2804. These runs
where characterized by a remarkable time modulation in the
bar pattern even after steady conditions were achieved. Periods

Table 1. Summary of Hydraulic Experimental Conditionsa

Run Duration, hours Q*, L/s is, % D*0, cm U*0, m/s t*0
I, Pa t*0, Pa Q*s, L/h

P1801 816 30 0.162 7.3 0.27 0.423 1.116 5.3
P2102a 720 30 0.162 7.3 0.27 0.423 1.116 5.3
P2403 260 47 0.205 8.3 0.38 0.720 1.587 30.1
P0404 192 40 0.201 7.7 0.35 0.631 1.451 25.4
P1204b 264 40 0.201 7.5 0.35 0.656 1.411 25.4
P2804c 360 40 0.201 7.5 0.35 0.656 1.411 25.4
P1505 28 30 0.452 4.4 0.45 1.167 1.884 94.5
P1605 24 20 0.495 3.3 0.40 1.011 1.558 71.8
P2709 24 45 0.514 5.7 0.53 1.497 2.764 225
P2809 24 40 0.517 5.3 0.50 1.405 2.592 194.3
P2909 24 45 0.516 5.6 0.53 1.530 2.734 215.4

a Definitions are as follows: Q*, water discharge; is, water surface slope; D0, average flow depth; U*0, average velocity; t*0
I, skin friction of

the total bed shear stress t*0; and Q*s, measured average volumetric solid discharge, including pores.
b This is a forced bar test with B*ob equal to 1/3 of the flume width.
c This is a forced bar test with B*ob equal to 2/3 of the flume width.
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in which a rather regular train of bars was present in almost the
entire flume were followed by intervals characterized by a very
irregular bar topography. The existence of a spatial modulation
of bar amplitude was less evident, even though Figure 1f sug-
gests the possible presence of such a modulation. The rela-
tively low number of bar wavelengths which can be contained
within the measuring reach of the flume, in fact, makes it quite
difficult to ascertain the presence of a spatial sequence of wave

groups. Sometimes the fluctuations in bar features were caused
by poorly developed bars which, from time to time, formed
toward the upstream part of the flume. These partially formed
bars, possibly triggered by random disturbances in the bound-
ary conditions (i.e., water inflow and sand supply) and/or by the
presence of smaller-scale bed forms, migrated downstream
faster than the fully formed bars and were absorbed by the
latter as soon as they superposed. This behavior resembles the

Figure 1. Examples of longitudinal bed profiles and difference between right side and left side bed elevation
(DY) measured during the equilibrium phase of (a) P1801, (b) P2102, (c) P0404, (d) P1204, (e) P2804, (f)
P2403, (g) P1505, (h) P1605, (i) P2809, and (j) P2909. The data are plotted every 20 cm and, excepting runs
P1505 and P1605, are filtered by using a four points moving average procedure; in Figure 1d the raw data (thin
curve) are also shown.
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theoretical picture outlined by Schielen et al. [1993] which
showed that under suitable conditions, nonlinear interactions
between perturbations of different wavelength might cause the
periodic alternate bar pattern to become unstable, developing
a modulation in time and in space. In particular, for a given
value of the rate of change of the dimensionless sediment load
function with respect to the Shields parameter (i.e., for the
Meyer-Peter and Müller [1943] bed load formula, the quantity
2FT defined in Appendix A), a critical value of the friction
coefficient C0 exists below which the modulation arises. In
present experiments, however, the values of C0 (ranging from
about 0.009 to 0.015) and of 2FT (ranging from about 3.7 to
9.8) fall outside the range theoretically predicted for the onset

of modulation. Whether or not this occurrence is affected by
the simplifying hypothesis embodied by Schielen et al.’s [1993]
model (namely, constant Chezy coefficient, rigid lid approxi-
mation, and negligibility of both secondary helical flow and
longitudinal bottom slope effects) still remains an open ques-
tion.

Figure 3 shows the forced bar profile of P1202, P1204, and
P2804 obtained by averaging over N independent sounds (N
ranging between 19 and 29 for the different runs). Both a
nondamped configuration (P1202) and a strongly damped con-
figuration (P1204 and P2804) were observed, as can be inferred
from Table 3. In both cases an extremely irregular sequence of
free bars, usually strongly modulated, was observed to form

Figure 1. (continued)

3341LANZONI: EXPERIMENTS ON BAR FORMATION IN A STRAIGHT FLUME, 1



toward the downstream end of the flume. A direct inspection
of the longitudinal bed profile plots suggests that, especially in
P2102, the amplitude of free bars was reduced, because of the
presence of forced bars. This is in agreement with other sta-
bilizing effects, induced by forced bars related to channel cur-
vature, observed by Kinoshita and Miwa [1974] and explained
theoretically by Tubino and Seminara [1990]. Regarding the
ratio of forced to free bar wavelength, a reliable conclusion can
hardly be attained, first, because of the long wavelength of the
forced bar obtained in P2102 (i.e., about 2.5 times the wave-
length of free bar) and, second, as a consequence of the strong
damping displayed by P1204 and P2804 which makes it difficult
to estimate correctly the forced bar wavelength.

The discussion of the experimental results has concentrated
so far on the analysis of bar features; however, in view of the
theoretical estimation of bar wavelength pursued in section 4,
a brief discussion of the roughness and solid discharge predic-
tors suitable to present experiments is timely here. Table 4
reports the comparison between the experimental values of the
friction coefficient C0 (corrected through Einstein’s [1950] pro-
cedure to account for sidewall effects) and the overall resis-
tance coefficients estimated using various prediction methods.
As mentioned above, the experiments fall just on the boundary

between the ripple and the dune regimes. Indeed, the ripple
regime formula elaborated by Richardson and Simons [1967]
gives a quite satisfactory estimation of the friction coefficient in
runs P1801, P2403, P0404, and P1204. The Engelund and Han-
sen [1967] partition method yield very similar results except for
P1801 which, actually, appears to be more shifted than the
others toward the ripple field ($* 5 11.5 and T 5 0.4). Finally,
the van Rijn [1984] formula systematically predicts slightly
lower values of the friction coefficient. The poor agreement
between the observed and predicted data exhibited by runs
P1505, P1605, P2709, P2809, and P2909 can be explained by
the fact that, as a consequence of the relatively small average
flow depth of these tests (in particular of P1505 and P1605),
the dimensions of small-scale bed forms tend to decrease ap-
preciably, especially when approaching bar fronts. Indeed, the
values of the friction coefficients seem to indicate that an
intermediate situation between the ripple and the plane bed
regimes has been established in these runs. These data ulti-
mately support the idea that even though the effect of flow
separation taking place at bar front usually contributes weakly
to flow resistance [Parker, 1978; Bray, 1979; Jaeggi, 1984], bars
can indirectly influence flow resistance by the reduction
(and/or amplification) of smaller-scale bed form dimensions
through flow depth variations associated with the typical bar
topography.

As far as sediment transport is concerned, the sediment
appeared to be transported mainly as bed load. However, es-
pecially in runs characterized by higher values of the shear
stress, it was observed that, from time to time, a certain
amount of particles were put into suspension by the intermit-
tent and intense vortices arising from the crests of smaller-scale
bed forms. Figure 4 shows the comparison between observed
values of Q*s and the sediment transport rates estimated using
the Engelund and Hansen [1967] total load formula and the
Meyer-Peter and Müller [1948] bed load formula. In the latter a
dimensionless factor m 5 {=C0 (6 1 2.5 ln [D*0/(0.9d*90)]}23/2

has been introduced to account for the presence of ripples
and/or small dunes on the bottom [Vermeer, 1986]. The agree-
ment between measured and calculated sediment discharge
appears to be fairly good except for P2709, P2809, and P2909
in which, actually, a certain amount of suspended load is likely
to be expected because of the relatively high values of the
bottom shear stress. Note that in the computations, the exper-
imental value of the friction coefficient was adopted in order to
obtain a better estimate of the effective solid discharge. Also,

Table 2. Free Bar Characteristicsa

Run L*b, m H*b, cm c*b, m/h

P1801 11.3 8.5 0.11
P2102a 11.6 4.0 z z z
P2403 4.5–7.5 5.0–6.0 0.8–0.9
P0404 4.3–8.0 6.0 0.70
P1204b 4.5–9.6 5.0 0.80
P2804c 8.0 5.0 0.75
P1505 10.0 7.0 2.80
P1605 11.0 7.7 z z z
P2709 9.7 4.5 5.80
P2809 10.6 4.7 5.10
P2909 9.5 4.4 5.00

a Definitions are as follows: L*b, bar wavelength; H*b, bar height; and
c*b, bar celerity.

b This is a forced bar test with B*ob equal to 1/3 of the flume width.
c This is a forced bar test with B*ob equal to 2/3 of the flume.

Figure 2. Additional longitudinal bed profiles measured at
the end of (a) P1801, (b) P1505, and (c) P1605. The data,
measured 20, 40, 60, and 75 cm from the left sidewall, are
plotted every 20 cm and are filtered by using a four points
moving average procedure.
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the adopted critical value of the Shields parameter (0.0311)
has been derived following the procedure proposed by van Rijn
[1984].

4. Mathematical Model
The linear stability analysis pursued in the present contribu-

tion follows closely the work of Blondeaux and Seminara
[1985]. For the sake of completeness the analysis is here ex-
tended in order to account for (1) dispersive effects which arise
in momentum equations as a consequence of performing the
depth-averaging process, (2) secondary flow effects on the di-
rection of the solid transport, and (3) influence of longitudinal
bottom slope on sediment transport rate. These aspects of the
phenomenon have already been considered, though not simul-
taneously, in other analytical models of bar formation in

straight or meandering channels [Struiksma and Crosato, 1989;
Parker and Johannenson, 1989]. However, at least to the knowl-
edge of the author, it is the first time that they are included all
together in a single model considering also the local variability
of the friction coefficient and of the water level.

4.1. Depth-Averaged Flow Field

Let us consider a straight alluvial channel with constant
width 2B* and nonerodible banks. The channel is assumed to

Figure 3. Forced bar longitudinal profiles and difference between right side and left side bed elevation (DY)
calculated in (a) P2102, (b) P1204, and (c) P2804 by averaging over 19, 29, and 26 independent soundings,
respectively. The data are plotted every 20 cm and are filtered by using a four points moving average
procedure.

Table 3. Forced Bar Characteristics

Run L*b, m H*bI crest,a cm H*bII crest,a cm

P2102b 30.0 1.6 1.3
P1204b z z z 2.2 0.8
P2804c z z z 3.8 1.0

a H*bI and H*bII denote the amplitude of the I and II front, respec-
tively, of the forced bars which form within the flume.

b This is a forced bar test with B*ob equal to 1/3 of the flume width.
c This is a forced bar test with B*ob equal to 2/3 of the flume width.

Table 4. Comparison Between the Measured Friction
Coefficient C0 and Various Theoretical Resistance
Predictorsa

Run C0 CRS CEH CvR C65

P1801 0.0149 0.0120 0.0049 0.0058 0.0040
P2403 0.0111 0.0124 0.0125 0.0102 0.0038
P0404 0.0121 0.0126 0.0114 0.0093 0.0039
P1204b 0.0112 0.0127 0.0122 0.0098 0.0039
P1505 0.0091 0.0191 0.0194 0.0160 0.0047
P1605 0.0095 0.0213 0.0214 0.0169 0.0052
P2709 0.0100 0.0181 0.0177 0.0152 0.0043
P2809 0.0102 0.0186 0.0182 0.0154 0.0044
P2909 0.0096 0.0182 0.0178 0.0153 0.0043

a Theoretical resistance predictors are CEH [England and Hansen,
1967], CvR [van Rijn, 1984], CRS [Richardson and Simons, 1967], and
C90, the plane bed skin friction coefficient (equal to [6 1 2.5 ln
(D*0/ 2d*90)]22]).

b This is a forced bar test with B*ob equal to 1/3 of the flume width.
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be wide enough for sidewall effects to be negligible in the
central region. The bottom of the channel is made by cohe-
sionless, nearly uniform sediment which is supposed to be
transported mainly as bed load. The erodible bottom is as-
sumed to vary slowly so that the quasi-steady flow field can be
considered to adapt instantaneously to changes in bottom con-
figuration.

To describe the flow problem, we refer to an orthogonal
curvilinear coordinate system s*, n*, z*, formed by the
streamlines s* and the normal lines n* of the depth-averaged
flow field and by the vertical axis z*, positive in the upward
direction. Denoting by D*0, U*0, and C0, the constant flow
depth, the average velocity, and the friction coefficient char-
acterizing the uniform flow conditions (basic state), respec-
tively, the variables of the problem are made dimensionless by
using the following scaling:

~s*, n*! 5 B*~s , n! , ~U*, V*! 5 U*0~U , V! ,

~t*s, t*n! 5 rU*02~t s, tn! , (1)

~D*, H*! 5 D*0~D , HF0
2! , F0 5 U*0/ Î~ gD*0! ,

where D is the local flow depth, H is the local water level above
a given reference plane, U and V are the depth-averaged
components on the local velocity, ts and tn are the compo-
nents on the bed shear stress, F0 is the uniform flow Froude
number, and g is the gravity constant.

Since the channel considered here is a straight one, only the
topographic deformations of the bottom due to bar growth
affect, through streamline curvature, the flow field structure
[Parker and Johannenson, 1989].

Moreover, the linear stability analysis developed in the fol-
lowing essentially applies to the early stages of bar growth. We
thus assume the secondary flow to be a weak modification of
the uniform basic flow field by introducing the following de-
composition [Kalkwijk and de Vriend, 1980; de Vriend, 1981;
Parker and Johannenson, 1989; Seminara and Tubino, 1992]:

u~s , n , z! 5 U~s , n!u0~ z! 1 O~«2! , (2)

v~s , n , z! 5 V~s , n!u0~ z! 1 «v11~s , n , z! 1 O~«2! , (3)

where « is a small parameter (strictly infinitesimal), u and v are
the local velocity components, v11 represents the effect of
secondary helical flow driven by bottom topography on the

transverse velocity v , and u0 is the basic flow velocity profile
which, modeling the Reynolds stresses through a parabolic
eddy viscosity, obeys the classical logarithmic law [Rozovskii,
1957; de Vriend, 1981].

As a consequence of performing the depth-averaging pro-
cess, two new dispersive terms of order « arise on the right side
of the classical de Saint Venant equations, which become

UU ,s 1 VU ,n 1 H ,s 1 b
t s

D 5 2
«

D ~UDu0v11! ,n, (4)

UV ,s 1 VV ,n 1 H ,n 1 b
tn

D 5 2
«

D ~UDu0v11! ,s, (5)

~DU! ,s 1 ~DV! ,n 5 0, (6)

where an overbar denotes depth averaging, b 5 B*/D*0, and
the dimensionless components of bed shear stress ts and tn

can be related to the depth-averaged velocity through the re-
lationship

~t s, tn! 5 C~U , V! ÎU2 1 V2. (7)

The local friction coefficient C has to be specified through a
suitable roughness predictor depending on the bed configura-
tion considered. Furthermore, the dispersive terms appearing
on the right side of (4) and (5), accounting for transverse
diffusion of longitudinal momentum due to secondary flow,
have to be related to the average flow characteristics by suit-
ably modeling the secondary helical flow component v11.

4.2. Secondary Helical Flow

On substituting decomposition (2) and (3) into the 3-D
Reynolds flow equations, averaging over the vertical, and suit-
ably combining the equations [see Kalkwijk and de Vriend,
1980; de Vriend, 1981], we obtain the following differential
equation for the secondary flow component v11

~u0v11 2 u0v11! ,s 2 b ÎC0 @~nt0v11,z! ,z 1 ~nt0v11,z!z5z0#

5 2V ,s~u0
2 2 u0

2! , (8)

where nt0 is the unperturbed eddy viscosity and z 5 (z 2 h)/D is
a stretched vertical coordinate whose lower limiting value z0 is
found by requiring that the depth-averaged value of u0 be
equal to 1.

The term on the right side of (8) represents the forcing due
to streamline curvature induced by bottom topography. The
first term on the left side of (8) accounts for the redistribution
of secondary flow momentum by the streamwise convection.
Neglecting this term allows us to obtain the secondary flow
structure in fully developed flow conditions by simply assuming
a self-similar structure of the velocity profiles, namely,

v11 5 2
V ,s

b ÎC0
G0~z! , (9)

where the form of the function G0(z) depends on the profiles
assumed for the velocity u0 and the eddy viscosity nt0 [de
Vriend, 1981].

Kalkwijk and Booij’s [1986] numerical calculations have
shown that there is quite satisfactory agreement between the
analytical approximation (9) and the velocity profile calculated
numerically by also retaining the first term on the left side of
(8). This conclusion, however, does not apply to the bottom

Figure 4. Comparison between experimental (Q*s exp) and
calculated (Q*s calc) values of the solid discharge. Circles indi-
cate Meyer-Peter and Müller [1948] bed load formula; plus signs
indicate Engelund and Hansen [1967] total load formula. The
perfect fit is represented by the solid line.

LANZONI: EXPERIMENTS ON BAR FORMATION IN A STRAIGHT FLUME, 13344



shear stress since the secondary flow adapts faster to forcing
term variations near the bottom than near the surface. Basi-
cally, we are interested in evaluating the modification of the
sediment transport rate due to secondary helical flow; hence
we need to also consider changes of secondary flow intensity in
the streamwise direction. Thus a strict similarity hypothesis is
no longer valid [de Vriend, 1981; Olesen, 1987], and the follow-
ing generalization should be assumed

v11~s , n , z! 5
1

b ÎC0
I0~s , n!G0~s , z! , (10)

where I0 denotes the intensity of the secondary flow. However,
the exact solution for I0 and G0 is hardly manageable analyti-
cally even within the context of a simple linear stability anal-
ysis. Here, following Struiksma and Crosato [1989], we assume
that the effect of secondary flow convection can be neglected
regarding the vertical distribution of v11 (i.e., G0 does not
depend on s), while the intensity of the secondary flow is
evaluated from the equation obtained by substituting (10) into
(8) and rearranging the various terms in the form

l rI0,s 1 I0 5 2V ,s, (11)

where the spiral motion adaptation length

l r 5
L1

b ÎC0

is evaluated on the basis of numerical studies [Kalkwijk and de
Vriend, 1980; de Vriend, 1981; Olesen, 1987] to take into ac-
count empirically (through the dimensionless coefficient L1 .
0.6) the fact that the transverse bed shear stress adapts faster
than the secondary helical flow intensity to changes in stream-
line curvature induced by variations of bed topography.

Moreover, recalling the decomposition (10), the dispersive
terms on the right side of (4) and (5) can be expressed as

u0v11 5
L2

b ÎC0
I0 L2 5 E

z0

1

u0G0 dz ,

where the coefficient L2, which, in general, depends on grain
size, is, on average, about 0.1 [Kalkwijk and de Vriend, 1980;
Tubino and Seminara, 1990]. The expressions for L1 and L2

derived from the relationship proposed by Kalkwijk and de
Vriend [1980] and Kalkwijk and Booij [1986] are reported in
Appendix A.

4.3. Sediment Balance Equation

The dimensionless sediment balance equation reads as fol-
lows:

~F0
2H 2 D! ,t 1 Q0~Qs,n 1 Qn,n! 5 0, (12)

with

~Q*s, Q*n! 5 ~Qs, Qn! ÎDgd*g3; Q0 5
ÎDgd*g3

~1 2 p! D*0U*0

D 5
r s 2 r

r
, (13)

where Qs and Qn are the dimensionless components of sedi-
ment discharge, p is sediment porosity, and rs and r are sed-
iment and water densities, respectively.

Sediment transport is assumed to be determined by local

flow conditions, its direction deviating from the direction of
average bottom shear stress under the action of gravity because
of transverse and longitudinal bed level slopes.

As demonstrated by Seminara and Tubino [1989], we can
assume that at linear level, vectors and deviation angles in the
plane locally tangent to the erodible bottom can be taken equal
to their projection in the horizontal reference plane (s , n , z),
namely,

~Qs; Qn! 5 ~cos d; sin d!F ,

where F denotes the equilibrium sediment load function and d
is the angle between the sediment transport direction and the
longitudinal s direction. It can be shown that the direction of
sediment transport (i.e., of the average particle trajectories)
can be written in the form [Koch, 1980]

tan d 5
sin x 2 h ,n/f~Q!

cos x 2 h ,s/f~Q!
, (14)

where Q 5 t*/(rDgd*g) is the dimensionless Shields param-
eter and f(Q) is a weight function which, on the basis of bed
leveling experiments [Talmon et al., 1995], can be put in the
form

f~Q! 5 9~ds/D!0.3Q1.5. (15)

The angle x between the direction of the bed shear stress and
the direction of the channel axis is given by

tan x 5 tn/t s (16)

and is the sum of two contributions. The first is due to the
deviation from straight uniform flow induced by bed topogra-
phy; the second is connected to secondary flow. Substituting
into (16) the decompositions (2) and (3) along with (10) yields

tan x 5
V
U 1 «

I0

Ub ÎC0
F G0,z

u0,z
G

z0

, (17)

where, assuming a parabolic eddy viscosity profile and, conse-
quently, a logarithmic velocity distribution,

F G0,z

u0,z
G

z0

5 22
ÎC0

k2 S 1 2
ÎC0

k D ,

k being the von Karman constant.
Finally, the effects of both helical flow and bed slopes on the

magnitude of the sediment transport F can be accounted for
by writing the usual Meyer-Peter and Müller bed load trans-
port formula in the form [Fernandez Luque and van Beek, 1976;
Koch, 1980]

F 5 8~mAQ 2 BQc!
3/ 2, (18)

where

A 5 cos ~d 2 x! . 1,

B 5
1

tan w S 1 1 «
cos x

b
h ,s 1 «

sin x

b
h ,nD ,

where w is the critical drag angle of bottom sediment, m is the
ripple coefficient defined in section 3, and Qc is the critical
value of the Shields parameter. Expanding (18) in terms of the
small parameter « yields

F 5 8SmQ 2
Qc

tan wD
3/ 2

~1 2 «L3h ,s 1 O~«2!! , (19)
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with

L3 5 F Qc

mQ tan w

Q

F
F ,QG

Q0,1

. (20)

For transport formulas (as the Engelund-Hansen one) in
which the solid discharge does not depend on critical shear
stress, it is assumed that the transport rate is influenced by the
slope through the relationship

F 5 0.05
Q5/ 2

C ~1 2 «L3h ,s 1 O~«2!! . (21)

4.4. Linear Stability Analysis

We consider basic flow perturbations of the form

~U , V , HF0
2, D! 5 ~1, 0, H0F0

2, 1! 1 «~U1, V1, H1F0
2, D1!

1 O~«2!

~Qs, Qn, t s, tn! 5 ~Qs0, 0, t s0, 0! 1 «~Qs1, Qn1, t s1, tn1!

1 O~«2! .

On substituting these expansions into (4), (5), (6), (11), and
(12) and performing linearization at order «, we find

U1,s 1 H1,s 1 bC0@s1U1 1 ~s2 21! D1#1
L2

b ÎC0
I0,n 5 0, (22)

V1,s 1 H1,n 1 bC0FV1 2
2

bk2S 1 2
ÎC0

k D I0G1
L2

b ÎC0
I0,s 5 0,

(23)

U1,s 1 V1,n 1 D1,s 5 0, (24)

L1

b ÎC0
l rI0,s 1 I0 5 2V1,s, (25)

h ,t 1 Q0F0F f1U1,s 1 f2D1,s 2 L3h ,ss 1 V1,n 2 5h ,nn

2
2

bk2 S 1 2
ÎC0

k D I0,nG 5 0, (26)

where h 5 F0
2H1 2 D1 and the various coefficients are given

in Appendix A.
The linearity of the problem allows us to perform a normal

mode analysis by considering perturbations of the form

~U1, D1, H1! 5 ~u1, d1, h1! sin ~pmn/ 2!eVte im~as2vt! 1 c.c.,

~V1, I0! 5 ~v1, (0! cos ~pmn/ 2!eVte im~as2vt! 1 c.c.,

where a is the wavenumber, V and v are the growth rate and
the wave speed, respectively, of perturbations, i is the imagi-
nary unit, m 5 1, 3, 5, z z z , and c.c. denotes the complex
conjugate of a complex number. These decompositions, sub-
stituted into (22), (23), (24), and (26) after some algebra, lead
to a dispersion relationship (extensively reported in Appendix
A) of the form

V 2 iv
Q0F0

5 ^~a , b , ds, Q0, F0
2, L1, L2, L3! , (27)

with ^ being a complex function. For given values of the
parameters F0

2, ds, Q0, L1, L2, and L3 the dispersion rela-
tionship (27) allows one to determine the neutral conditions by

requiring that the amplification factor V vanish. In the plane
(a, b) this condition defines a marginal neutral stability curve
which exhibits a minimum (critical conditions) at a 5 ac and
b 5 bc. For values of b lower than bc, the uniform flow
configuration analyzed is stable, and any small disturbance is
damped out. For values of b greater than bc a range of unsta-
ble wavelengths appears which enlarges with increasing b. The
amplification rate, for a fixed value of b, exhibits a maximum
which, within the context of a linear theory, is assumed to be
representative of the wavelength selected by the instability
mechanism. However, no theoretical evidence can substantiate
this assumption: The strongly nonlinear interactions which are
likely to arise when b and a do not fall within the neighbor-
hood of the critical conditions prevent any conclusion in this
sense.

In present calculations, on the basis of the experimental
results discussed in section 3, the bed is assumed to be ripple
covered (i.e., the Richardson and Simons [1967] roughness
predictor has been adopted), while the Meyer-Peter and Müller
[1948] bed load transport formula has been used to predict the
sediment transport rate. Clearly, these assumptions turn out to
be rather poor in the case of runs P1505, P1606, P2709, P2809,
and P2909, partly because of the peculiar bed configuration
exhibited by these runs and partly because of the fact that in
runs P2709, P2809, and P2909 a certain amount of sediment is
likely to be transported in suspension. Also, notice that there
has not been any tuning of the parameters L1, L2, and L3

whose adopted values were calculated according to the rela-
tionships reported in Appendix A and through (20).

Figure 5 shows the comparison between measured and cal-
culated values of bar wavelengths. The agreement between
observed and predicted wavelength appears to be satisfactory
whenever the critical conditions are assumed to be represen-
tative of the selected wavelength (Figure 5a). However, the
wavelength that, for the observed value of the width to depth
ratio b, corresponds to the maximum growth rate V*max sys-
tematically and significantly underestimates the actual bar
wavelength (Figure 5b). These results support the idea that, as
suggested by the quite slow bed evolution of P1801, the insta-
bility process first selects the wavelength (corresponding to the
minimum of the stability curve) then enhances the growth rate
of bar amplitude.

As discussed in section 3, because of the strong interaction
between bars and smaller scale bed forms, the wavelengths
distinctive of runs P2403, P0404, P1204, and P2804 are better
represented by an interval (whose extremes are determined by
the wavelengths corresponding to the first two peaks of the
power spectrum) than a single point. In these runs the values
of the critical wavelength appear to be very close to the max-
imum of the measured wavelength.

The introduction in the analysis of the effects related to the
secondary helical flow and to the longitudinal bottom slope, in
general, leads to an improvement of the estimated wavelength,
as can be observed comparing Figures 5a and 5c. On average,
the percentage errors between the experimental bar wave-
length and the critical wavelength calculated by considering or
neglecting the above effects are equal to 7.3 and 12.3, respec-
tively, the maximum error being anyway less than 20% in both
cases. These results seem to support the idea that although the
production of helical flow due to streamline curvature may
certainly have some influence on the selection of bar wave-
length, yet it does not play the leading role as suggested by
Nelson and Smith [1989].
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Owing to the peculiar bed configuration exhibited by the
equilibrium phase of P1505 and P1605, calculations have been
performed also considering a plane roughness predictor jointly
with the Meyer-Peter and Müller [1948] formula. The estimated
wavelength, however, departed appreciably from the observed
one. This can be explained by the fact that, as pointed out
above, the wavelength is essentially controlled by the critical
conditions, its value being scarcely influenced by the growth of
bar height. Therefore it is the bed configuration typical of the
earlier stages of bar growth (namely, the ripple-covered bed
flat configuration) which has to be considered in the theoret-
ical evaluation of the wavelength.

As far as the bar celerity is concerned, the scatter between
computed and measured celerity values, shown in Figure 6,
appears quite high. Indeed, as pointed out by Colombini et al.
[1987], nonlinear interactions are likely to influence apprecia-
bly bar celerity. Also, we must recall that the computed bar
celerity is directly proportional to the intensity of solid dis-
charge whose computed values may depart appreciably from
the observed ones.

A further notable feature of the linear solution is that the-
oretical results seem to explain the rather different trends
exhibited by the forced bar profiles shown in Figure 3. The
nearly no damping of forced bar amplitude characterizing run
P2102 would suggest that in this run the width ratio b was

definitively closer than in runs P1204 and P2804 to the thresh-
old value br at which spatial perturbations neither grow nor
decay. Within the context of the present theory, accounting for
temporal modes rather than spatial modes, br simply coincides
with the value of the width ratio for which temporally marginal
stability conditions (i.e., V 5 0) and nonmigrating conditions
(i.e., v 5 0) are attained contemporaneously (e.g., the reso-
nant mode of Blondeaux and Seminara [1985]). The values of
br thus calculated suggest that runs P1204 and P2804 fall
slightly below resonant conditions (which are b 5 10 and br '
10.5). The perturbations arising in response to a finite distur-
bance of the initial conditions are then expected to damp in
space, as experimentally observed. On the contrary, run P2102
is characterized by a value of b (10.3) well above the resonant
value br ' 5.5 thus implying, as explained by Seminara and
Tubino [1992], the development in space of an equilibrium
periodic configuration of steady bars. Theoretical results also
reproduce, at least qualitatively, the tendency of run P2102 to
select a wavelength of the forced bars longer than those ob-
served in runs P1204 and P2804, the calculated wavelengths
being equal to 42.8 and 36.2 m, respectively.

5. Conclusions
The results of a series of experiments carried out in a large

laboratory flume aiming to elucidate various aspects of alter-
nate bar development have been presented. Sediment grain
size and flow characteristics were chosen to ensure the growth
of both alternate bars and small-scale sand waves typical of the
transition between the ripple and the dune regimes.

A first effect of the coexistence of large- and small-scale bed
forms is to enrich the spectrum of bar wavelength with higher-
frequency components. The mutual interaction between differ-
ent bed forms, in fact, may induce the modulation in time and,
likely, in space of bar characteristics observed in various ex-
perimental runs. Furthermore, depth variations associated
with the typical alternate bar topography may lead to a reduc-
tion of ripple and dune dimensions which, in turn, produces a
decrease of flow resistance with respect to the initial undis-
turbed bed configuration.

The theoretical values of bar wavelength and bar celerity
obtained on the basis of a classical linear stability analysis

Figure 5. The wavelengths of alternate bars as predicted by the linear theory are compared with observed
values of bar wavelengths L*b exp. (a) Critical wavelength L*b cr calculated by including the effects of secondary
helical flow and of longitudinal bottom slope (i.e., by estimating L1, L2, and L3 through the relationship
reported in Appendix A and through (20)); (b) Wavelength L*b max that, given the experimental value of b,
corresponds to the maximum growth rate, (c) Critical wavelength L*b cr calculated by neglecting the effects of
secondary helical flow and of longitudinal bottom slope (i.e., setting L1 5 L2 5 L3 5 0). Notice that the latter
case is equivalent to using Blondeaux and Seminara’s [1985] model.

Figure 6. Comparison between observed (c*b exp) and calcu-
lated (c*b calc) values of bar celerity.
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appear to match the experimental data surprisingly well in
spite of the fact that, owing to the particular bed configurations
of certain runs (i.e., P1505, P1605, P2709, P2809, and P2909),
suitable roughness and solid discharge predictors can be hardly
specified. This circumstance appears even more unexpected if
one considers the relatively high values assumed by the param-
eter « 5 (b 2 bc)/bc (ranging from 2 to 14) typical of present
experiments, suggesting a nonnegligible influence of nonlinear
interactions. Indeed, the values of « prevent any comparison
between observed bar heights and those predicted by the
weakly nonlinear model of Colombini et al. [1987] (see Figure
6 of Garcia and Niño [1993]). However, as observed during the
slow bottom evolution of P1801 and in accordance with Fujita
and Muramoto’s [1985] experiments, it seems that bar wave-
length is selected by the instability process soon after the bar
front begins to grow, that is, in a neighborhood of critical
conditions. Later the wavelength oscillates around the critical
value, while the bar progressively achieves its equilibrium am-
plitude as a consequence of nonlinear interactions which in-
hibit the indefinite growth of perturbations predicted by the
linear theory. Obviously, as found numerically by Nelson and
Smith [1989], nonlinear effects (and, in particular, nonlinearity
of convective acceleration) might also affect the equilibrium
value of bar wavelength. Nevertheless, the dispersion relation-
ship (27) still provides a quick and, at the same time, correct
enough estimate of bar wavelength. Also, it allows an adequate
explanation of the main features exhibited by spatially growing
disturbances which may develop from nonuniform initial con-
ditions.

The existence of a functional relationship relating bar wave-
length to the parameters appearing in the dispersion relation-
ship (27), moreover, is clearly suggested in Figure 7 where the
available experimental data are rearranged on the basis of two
suitable parameters which basically replace b and a. These
parameters, whose importance was first recognized by Stru-
iksma et al. [1985], are the interaction parameter ls/lw and a
modified wavenumber a9 5 lwa , where lw 5 1/(2bC0) and
ls 5 4bf(Q)/p (with f(Q) given by (15)) denote the flow and
the bed adaptation lengths, respectively. Indeed, the experi-
mental points, which include both laboratory and field data,
show a quite sharp trend.

Some limitations of the present study will need further at-

tention. In particular, nearly all experiments were character-
ized by predominant bed load transport except runs P2403,
P2709, P2809, and P2909 which exhibited a certain amount of
suspended load. The role played in bar formation and devel-
opment by suspended sediment should be more deeply inves-
tigated both theoretically and experimentally. Finally, the role
of the nonuniform character of sediment often exhibited by
river beds is the subject of a companion paper [Lanzoni, this
issue].

Appendix A
Coefficients of (22), (23), (24), (25), and (26) are as follows:

s1 5
2

1 2 CT
, s2 5

CD

1 2 CT
, (A1)

f1 5
2FT

1 2 CT
, f2 5 FD

CDFT

1 2 CT
, (A2)

CD 5
1

C0
F C

DG
Q0,1

, CT 5
Q0

C0
F C

QG
Q0,1

, (A3)

FD 5
1

F0
F F

DG
Q0,1

, FT 5
Q0

F0
F F

QG
Q0,1

. (A4)

Dispersion relationship (27) is as follows:

V 2 iv
Q0F0

5
ia

C 2 F0
2 FC~ f2 2 f1! 1

p2

4
1 2 f1

ia~a22 1 a22!

2
p2

4
@1

ia~a22 1 a22!
G 2

p2

4 5 2 @2, (A5)

where

C 5
1

a11 2 a14
F ia 2

a11p
2/4

ia~a22 1 a22!
2

a12p/ 2
~a22 1 a22!

G ,

a11 5 ia 1 bC0s1, a14 5 bC0~s2 2 1! , a22 5 bC0 1 ia ,

@1 5 2
2

bk2 S 1 2
ÎC0

k D ia
1 1 ial r

, @2 5
L3

bC0
a2,

5 5
1

bf~Q0!
,

a12 5
p

2
L2

b ÎC0

ia
1 1 ial r

,

a22 5 2F ia
L1

b ÎC0
2 2

C0

k2 S 1 2
ÎC0

k D G ia
1 1 ial r

,

L1 5
1

2k S 1 2 2
ÎC0

k D ,

L2 5 ÎC0 F 5
ÎC0

k 2 15.6S ÎC0

k D 2

1 37.5S ÎC0

k D 3G
It is worth noticing that the Blondeaux and Seminara [1985]

eigenrelationship is immediately recovered by neglecting both
secondary flow effects (i.e., imposing @1 5 a22 5 a12 5 0)
and longitudinal bed slope effect (i.e., @2 5 0).

Figure 7. The observed interaction parameter ls/lw is plot-
ted versus the modified wavenumber a9 5 lwa . Laboratory
data are from Ashida and Shiomi [1966], Jaeggi [1984], Ki-
noshita [1961], Muramoto and Fujita [1978], Sukegawa [1971],
and Lanzoni et al. [1994]. Field data are from MacDonald
[1994].
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