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A b s t r a c t  

The paper describes the derivation of a depth-averaged, two-dimen-
sional form of the sediment balance equation, suitable to study the mor-
phodynamics of movable sediment beds even when the flow depth  
attains values comparable to bed irregularities. This equation is derived 
by double-averaging in time and in space the instantaneous three-
dimensional sediment balance equation. For this, a proper phase function 
is introduced, which depends on the statistics of bed topography. The 
structure of the macroscopic volumetric sediment discharge vector result-
ing from the averaging procedure is discussed for the case of dominant 
bedload transport. The theoretical framework developed within the paper 
sets the stage for a proper parametrization of the physical processes act-
ing at spatial scales smaller than those usually resolved by depth-
averaged numerical models.  

Key words:   sediment balance equation,  bedload transport,  irregular 
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1. INTRODUCTION 

In the past two decades, the numerical solution of shallow water equations 
has undergone a noticeable development, especially with reference to the 
treatment of flow fields in which the integration domain may vary in time. 
Such flow fields are usually characterized by a highly irregular bed topogra-
phy and by flow depths which can attain values comparable to bed irregu-
larities. Typical examples are steep gravel streams, braided rivers, flooding 
of initially dry areas, tidal propagation in coastal lagoons, and tidal channels. 
In all these cases the flow can be modelled as two-dimensional,  thus leading 
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to the classical de Saint-Venant equations. These equations are usually ap-
plied to flow domains in which bed irregularities are much smaller than flow 
depth and, hence, do not affect significantly the overall structure of the flow 
field. At small water depths, however, the flow domain may be crucially af-
fected by the presence of bed forms and sediment waves (Lanzoni 2000a, b, 
Lanzoni et al. 2006), as well as by bed surface irregularities associated with 
the roughness elements created from sediment particles. The wet domain not 
only turns out to be rather involved, but may also vary continuously in time 
and is often characterized by sharp changes of water depth which, owing to 
nonlinearity of flow equations, strongly affect the hydrodynamics.  

For these shallow flows, a complete mathematical representation of both 
the instantaneous wet domain and the small-scale bed surface irregularities is 
impractical, owing to the huge computational effort required to describe bot-
tom topography in detail. A further problem which arises in numerical mod-
elling of shallow flows concerns the numerical stability and accuracy in 
simulating wetting and drying. So far various approaches to the above prob-
lems have been proposed: a thorough review, concentrating mainly on the 
numerical aspects, is given in Bates and Hervouet (1999). Basically, three 
different methodologies can be distinguished. In the first approach, a fixed 
grid is used and suitable algorithms are introduced to identify partially wet 
elements and to control the flow over these elements (Falconer and Chen 
1991, Hervouet and Janin 1994). These algorithms, however, are often strict-
ly related to the numerical scheme adopted. In order to avoid this shortcom-
ing, the second approach aims at reformulating the equations governing the 
flow over partially wet elements by introducing a scaling coefficient, 
representing the actual volume of water residing on each element (King and 
Roig 1988, Defina and Zovatto 1994, Bates et al. 1995, 1997). Finally, the 
third approach is based on the development of suitable, physically based, 
subgrid models for bed surface irregularities obtained by spatially-averaging 
the Reynolds averaged Navier-Stokes equations (Defina 2000). The use of a 
double averaging (in time and in space) procedure, which formally can be 
applied to any balance equation, has various advantages over conventional 
approaches, as thoroughly discussed by Nikora et al. (2007a, b). In particu-
lar, it provides a consistent link between spatially averaged roughness para-
meters, bed shear stress, and double averaged flow variables, thus favouring 
scaling considerations and parametrization to be adopted in the development 
of numerical models, as well as for designing laboratory, field and numerical 
experiments, for data analysis and interpretation, and for guiding develop-
ments of closures. 

In the present paper we apply a double-averaging procedure to derive a 
depth-averaged, two-dimensional form of the sediment balance equation 
suitable to study cases in which the flow depth is comparable with the height 
of bed irregularities, namely bed elevation fluctuations induced by the for-
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mation of bedforms (ripples, dunes, bars), small secondary channels or simp-
ly given by the irregular topography observed in mountain rivers as a conse-
quence of the broad spectrum of grain sizes (ranging from boulders and 
cobbles to sand) often composing the bed. The work extends and generalizes 
the procedure used by Lanzoni and Seminara (2002) to derive a suitable 
form of the one-dimensional sediment balance equation which, coupled with 
the spatially-averaged one-dimensional de Saint Venant equations, was used 
to study the long term equilibrium bed profile of tidal channels and estuaries. 

The paper is organized as follows. Section 2 describes the spatial-aver-
aging procedure, discussing its strict connection with the double-averaging 
method. In Section 3 the spatial-averaging procedure is applied to derive the 
depth-averaged, two-dimensional sediment balance equation. Section 4 is 
devoted to the analysis of the macroscopic sediment flux resulting from the 
spatial-averaging in the case of dominant bedload transport. Finally, Section 
5 reports some conclusive remarks.  

2. THE  SPATIAL  AVERAGING  PROCEDURE 

The partial differential equations governing shallow water flows as well as 
the morphodynamic evolution of fluvial and tidal patterns, owing to their 
nonlinearity, admit analytic solutions only for very simplified cases. Gener-
ally, a numerical solution has thus to be pursued, the grid size depending on 
the physical phenomenon under investigation. In many problems of practical 
interest (e.g., flooding of initially dry areas, wetting and drying of tidal flats, 
improved understanding of the physical mechanisms underlying the genera-
tion of morphodynamic patterns) it is sufficient to know the macroscopic 
values of relevant variables (velocity, flow depth, bed elevation, bed shear 
stress, sediment transport rate, etc) on a quite large spatial scale, ranging 
from tens to hundreds of meters in the field and of the order of a few centi-
metres in the laboratory. This fact suggests the opportunity to average the 
governing equations both over turbulence and over a representative elemen-
tary area A (REA), whose size depends on the problem at hand. Such a me-
thodology has been widely used in the study of groundwater flows and 
porous media hydrodynamics (see Bachmat and Bear 1986, Whitaker 1999), 
two-phase flows (Drew 1983), in atmospheric applications, aquatic hydrau-
lics and rough-bed open channel flows (see Nikora et al. 2007a, b, and the 
references therein). In principle, the double-averaging methodology resulting 
from integrating in both time and space can be applied to any equation go-
verning the local instantaneous balance of a given quantity (i.e., mass, mo-
mentum, sediment, dissolved substances). Obviously, if the relevant 
differential equation is nonlinear, the local departure of a given variable 
from its macroscopic (i.e., averaged over time and/or space) value gives rise 
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to additional terms which must be suitably specified introducing proper sub-
grid closure models. 

Let us consider a three dimensional flow field in which the water surface  
( , ) 0h h t z= − =xF   and the bed surface  ( , ) 0zb bz t z= − =xF   can in general 

vary both in time, t, and in space. As shown in Fig. 1, z is the vertical, up-
ward directed axis, while x locates the position of the projection of any given 
point on a reference horizontal plane (x, y), chosen well below the minimum 
bed elevation 

minbz .  

In the present contribution we assume that the bed surface, although 
formed by cohesionless sediment grains, can be treated as impermeable: the 
slow flow within the small interstices between grains is neglected and a no 
slip constraint is applied at  z = zb . As pointed out by Nikora et al. (2001), 
the above conditions imply that the bed surface is single-valued and typically 
occur in the case of sandy beds and cohesive soils. Nevertheless, impermea-
ble bed conditions can be assumed also in the case of gravel-bed rivers. In-
deed, many of these streams exhibit bimodal grain size distributions, often 
with a paucity of sediment in the pea-gravel size (2~8 mm) (Parker 2004). 
This implies that the interstitial space between larger particles (e.g., cobbles, 
coarse gravel) is filled with much smaller particles (e.g., sand) and, as a con-
sequence, interstitial motions below the bed surface are negligible, at least 
for the purposes of this study.  

We are interested to know the macroscopic values of the relevant hydro-
dynamic and morphodynamic variables on a finite portion of the flow do-
main, whose projection on the reference plane defines a representative 
elementary area A, centred in  X = (X,Y), as depicted in Fig. 1. The extension 
of A depends on the problem at hand, and in prevalently two-dimensional 

Fig. 1. Reference systems and notations. 
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flow fields coincides with the typical size of the computational elements. 
Clearly, in the presence of flow depths comparable to changes in bed eleva-
tion a non-negligible portion of the bed can emerge. In order to obtain a ma-
croscopic description of the flow field valid also in this case, we introduce 
the following function: 

 
1

( , , )
0

b

b

z z
z t

z z
ϕ

>⎧
= ⎨ ≤⎩

x  (1) 

which discriminates whether a given point is above  (φ = 1)  or below  
(φ = 0)  the bed surface. Clearly, in the case of an impermeable bed treated 
here, φ can be treated as a phase function.  

We then multiply any local variable f(x, z, t) by φ, integrate along the 
vertical and average across the representative elementary area A, denoting 
this spatial averaging procedure by 

  

1( , , ) ( , , )  ( , , ) ( , , ) d d  
h

A

z t f z t z t f z t z A
A

ϕ ϕ
−∞

= ∫ ∫x x x x . (2) 

The lower extreme of integration along z, which strictly speaking should 
coincide with the minimum bed elevation within A, has been formally ex-
tended to −∞   taking advantage of the fact that the product φf vanishes for 
z ≤  zbmin .  

The spatial average of f(x, z, t) is defined as 

 1( , ) ( , ) ( , , )F t t f z t
D

ϕ=X x x , (3) 

where 
 ( , ) ( , , )D t z tϕ=X x . (4) 

This latter quantity represents the volume of water per unit area, Vf /A, 
lying on A, and can be macroscopically regarded as an equivalent flow depth 
(i.e., the function Y of Defina 2000). It is also clear that the quantities 

 1( , , ) ( , , ) d
A

z t z t A
A

Φ ϕ= ∫X x , (5) 

 ( )1( , ) , ( , ), dH
A

t h t t A
A

Φ ϕ= ∫X x x , (6) 

provide the fraction of A which, at a given elevation z, lies above the bed and 
the wet fraction of A, respectively. They coincide with the quantities  and η 
introduced by Defina (2000).  

The spatial averaging procedure defined by (2) and (3) essentially coin-
cides with a depth-integrated form of the intrinsic spatial average defined by 
Nikora et al. (2007a). In the presence of an impermeable bed (as assumed 
here) the function D is related to the roughness geometry function φs of Ni-
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kora et al. (2007a) by the relationship  φs = DA/V0 , provided that the fixed 
reference volume V0 used in Nikora et al. (2007a) covers the whole column 
of fluid lying on A. The function Φ coincides with φs if a thin horizontal slab 
is chosen for V0 and, from a statistical point of view, is equivalent to the 
probability P that the local bottom elevation zb within A does not exceed the 
generic elevation z, namely: 

 ( , , ) ( )bX z t P z zΦ = ≤ . (7) 

The functions D and ΦH then turn out to be strictly related to the vertical 
scale eb characterizing the topographic irregularities within A (see Fig. 2). In 
particular, when the average water depth  H – Zb (with  1 dH A h Aϕ−= ∫   and 

1 db bZ A z A−= ∫ ) is much larger than eb , the elementary representative area is 
completely wet and  D = H – Zb , and  ΦH = 1. On the contrary, when the wa-
ter depth is comparable with the bed irregularities, the form of D and ΦH de-
pends on the probability distribution of bottom elevations. For example, 
under the assumption of a Gaussian probability distribution it can be easily 
demonstrated that (Defina 2000): 

 1
2

erfc( )HΦ ζ= − ,        21 exp( ) erfc( )
4
beD ζ ζ ζ

π
⎡ ⎤= − + −⎢ ⎥⎣ ⎦

, (8) 

where  2( )b bH Z eζ = −   and  er fc(…)  denotes the complement to one of 
the error function. 

Fig. 2. Typical behaviour of the function ΦH (ζ) for a plane bed configuration (a) and 
a bedform covered bed (b). In both cases, the interstitial space between larger par-
ticles is assumed to be filled with the finer sediment fractions and, therefore, the co-
hesionless sediment bed can be assumed as impermeable.  
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Before we proceed further, it is necessary to apply the averaging proce-
dure (2) to either time or spatial derivatives of local variables. First of all, it 
is straightforward to write:  

 ( )f f f
t t t

ϕ ϕϕ ∂ ∂ ∂
= −

∂ ∂ ∂
, (9) 

 
( )

i i i

f f f
x x x

ϕ ϕϕ ∂ ∂ ∂
= −

∂ ∂ ∂
. (10) 

Applying the Leibnitz rule and recalling the kinematic condition on the 
free water surface  z = h, we then rewrite the first terms on the right hand 
sides of (9) and (10) as 

 ( ) 1 [ ] dh h h h h
A

f f f A
t t A

ϕ ϕ ϕ∂ ∂ < >
= + ⋅ ∇

∂ ∂ ∫ v n F , (11) 

 
( ) 1 [ ] dh h hi h

i i A

f f f n A
x x A
ϕ ϕ ϕ∂ ∂ < >

= − ∇
∂ ∂ ∫ F , (12) 

where  ( , , )h h tϕ ϕ= x , […]h  indicates a quantity calculated on the free water 
surface, vh is the water surface velocity, h h h= ∇ ∇n F F  

 

is the unit vector 
normal to the free water surface, directed towards the interior of the fluid, 
and nhi is its i-th component.  

In order to work out the second terms on the right hand side of (9) and 
(10), we observe that the function φ can be treated as a generalized function, 
in particular with regard to its differentiation. It can be shown that (Drew 
1983): 

 0
bzt

ϕ ϕ∂
+ ⋅∇ =

∂
v ,            

bz n
ϕϕ ∂

∇ = −
∂

n , (13) 

where 
bzv is the velocity of the bed surface and 

b b bz z z= −∇ ∇n F F  is the unit 
vector normal to the bed, pointing into the fluid. It is also clear that ∇ϕ is ze-
ro except that at the bed surface and, hence, it behaves as a delta-function, 
picking out the bed interface 

bzF . It then turns out that: 

 1 [ ] d
b bh z z

A

f f A
A

ϕ ϕ∇ = − ∇∫ F , (14) 

 1 [ ] d
b b bh z z z

A

f f A
t A
ϕ ϕ∂

= ⋅∇
∂ ∫ v F , (15) 

where [...]
bz  indicates a quantity calculated for  z = zb , and the function ϕh 

accounts for the fact that only the wet fraction of the bed is selected when in-
tegrating along the vertical.  
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Taking into account (11), (12), as well as (14), (15), eqs. (9), (10) even-
tually become:  

 
1 1[ ] d [ ] d

b b b b

h zb

h h h h h h z z z z
S S

f f f S f S
t t A A

ϕϕ ϕ ϕ∂ ∂ < >
= + ⋅ + ⋅

∂ ∂ ∫ ∫v n v n , (16) 

            1 1[ ] d [ ] d
b bi b

h zb

h h hi h h z z z
i i S S

f f f n S f n S
x x A A

ϕϕ ϕ ϕ∂ ∂ < >
= − −

∂ ∂ ∫ ∫ , (17) 

where Sh and 
bzS denote the water and the bed surfaces, respectively, being 

d dh hS A= ∇F   and  d d
b bz zS A= ∇F . The relationships (16) and (17) can be 

regarded as the depth-integrated counterparts of the Reynolds transport theo-
rem and the spatial-averaging theorem discussed by Nikora et al. (2007a).  

3. DOUBLE-AVERAGING  OF  THE  SEDIMENT  BALANCE  EQUATION 

Let us consider the three-dimensional sediment balance equation:  

 0c
t

∂
+∇⋅ =

∂
q , (18) 

which governs the dynamics of the local and instantaneous volumetric con-
centration  c(x, z, t). Here  q(x, z, t) = c up  is the volumetric sediment flux, 
with up the velocity of sediment particles (approximately coinciding with the 
fluid velocity u in the case of suspended load).  

As a first step towards a time-space averaged form of this equation, we 
introduce the usual Reynolds decomposition f f f ′= +  for instantaneous 
variables and average over turbulent range of scales (i.e., over time). We ob-
tain:  

 0s
c
t

∂
+∇⋅ =

∂
q , (19) 

where  s p pc c′ ′= +q u u   is the sum of time-averaged and turbulent sediment 
fluxes.  

We then apply the spatial averaging procedure (2), i.e., we multiply (19) 
by φ and average over a volume including the whole column of fluid lying 
on A. Taking advantage of (16) and (17), the double-averaged form of equa-
tion (18) takes the form: 

1 1[ ] d [ ] d 0
b b b

h zb

xy s h s h h h h s z z z
S S

c c S c S
t A A
ϕ ϕ ϕ ϕ∂< >

+∇ ⋅ < > − − ⋅ − − ⋅ =
∂ ∫ ∫q q v n q v n , (20) 

where ( / , / )xy x y∇ = ∂ ∂ ∂ ∂  is a differential operator acting in the plane (x, y).  
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This equation can be further rearranged by considering the Rankine-
Hugoniot relations, expressing conservation laws over an interface moving 
with velocity v (see, e.g., Hirsch 1990) in a local form. In our case these re-
lations read  
 ( ) 0c− ⋅ =q v n , (21) 

where f f f+ −= −  defines the jump of f across the given interface. Averag-
ing over turbulence, and observing that the concentration of sediment is zero 
above the free water surface while below the bed surface it coincides with 
the bed-sediment packing concentration cM , we write:  

 [ ] d 0
h

h s h h h
S

c Sϕ − ⋅ =∫ q v n , (22) 

 [ ] d d
b b b b b b

z zb b

h s z z z h M z z z
S S

c S c Sϕ ϕ− ⋅ = − ⋅∫ ∫q v n v n , (23) 

where, having assumed an impermeable bed, the sediment flux below the 
bed surface, [ ]

bs zq , has been set equal to zero. Substituting the above rela-

tionships into (20) and recalling that /
b b bz z z bz t⋅ ∇ = ∂ ∂v n F  yields 

 1 d 0b
xy s h M

A

zc c A
t A t
ϕ ϕ ϕ ∂∂ < >

+∇ ⋅ < > + =
∂ ∂∫q . (24) 

Before proceeding further on, it is worthwhile to rearrange the last term 
on the left side of (24) as follows:  

 d d (1 ) db b b
h M M M h

A A A

z z zc A c A c A
t t t

ϕ ϕ∂ ∂ ∂
= − −

∂ ∂ ∂∫ ∫ ∫ . (25) 

The second term on the right side of this relationship is different from 
zero only if 1hϕ ≠ , that is on the dry portion of A. Therefore, this term ac-
counts for bed variations associated to possible inputs of sediment (∂zb/∂t < 0) 
originating from the outside of the flow domain (e.g., as a consequence of 
bank collapse phenomena). 

Recalling the definition of spatial average (3) and assuming, in accor-
dance with field observations (Linsley et al. 1975, Parker 2004), that the 
maximum packing concentration (and, hence, the bed porosity p = (1 – cM)) 
does not change significantly with time and space, we finally obtain the 
double-averaged, two-dimensional sediment balance equation: 

 (1 ) ( ) ( ) inb
xy s s

Zp DC D Q
t t

∂ ∂
− + +∇ ⋅ =

∂ ∂
Q , (26) 

where Zb is the average bottom elevation within  ( ), /A C c Dϕ= < >  is the 
macroscopic sediment concentration, ( )/s s Dϕ= < >Q q  is the total macros-
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copic volumetric sediment flux per unit width, given by the sum of bedload 
and suspended load. Moreover,  

 (1 ) din b
s M h

A

zQ c A
t

ϕ ∂
= −

∂∫ , (27) 

is the sediment flow rate per unit area entering within the flow domain as a 
consequence of possible degradation phenomena acting on the dry portion  
of A. Note that, since the integration volume embodied by the spatial averag-
ing procedure (2) extends over the whole column of fluid lying on A, the 
macroscopic variables depend, besides time, only on the coordinates X, Y 
shown in Fig. 1. Moreover, it must be observed that  s pD cϕ= < >Q u

pcϕ ′ ′+ < >u   in general accounts also for the dispersive transport associated 
with spatial averaging of turbulent sediment flux, an effect which is often 
neglected in theoretical analysis of bedload transport (see, for instance, Wi-
berg and Smith 1985, Niño et al. 1994b, Seminara et al. 2002).  

Equation (26) reduces formally to the classical Exner equation in the ab-
sence of external inputs of sediment  ( 0)in

sQ =   and neglecting the changes of 
the sediment stored in the water column, expressed by the term  ∂(DC)/∂t. 
The validity of this latter assumption, widely adopted in morphodynamic 
studies when  C << 1, has been recently discussed, among others, by Lyn and 
Altinakar (2002), Cao et al. (2002), Cui et al. (2005), and Lanzoni et al. 
(2008). 

4. DOUBLE-AVERAGING  OF  BEDLOAD  SEDIMENT  FLUX 

The macroscopic (i.e., double-averaged)  total sediment flux Qs  appearing 
into (26) can be expressed through the usual sediment discharge predictors 
only when the average flow depth within A is much larger than bed irregular-
ities (i.e., A is completely wet and  ΦH = 1). When the water depth is compa-
rable with the bed roughness eb, in fact, the non linear nature of sediment 
transport mechanisms strongly affects the double-averaged quantities. In this 
section we focus our attention on the case of dominant bedload, a condition 
which typically occurs in gravel-bed rivers where, even at bankfull dis-
charge, the fluid shear stress at the bed attains relatively low values (Parker 
2004). The sediment is transported in a small layer close to the bed (see 
Fig. 3) with a thickness db scaling with the grain diameter (Fernandez-Luque 
and van Beek 1976, Niño et al. 1994a, b, Niño and Garcia 1998). The mo-
tion of individual bedload particles can be characterized by the episodic re-
petition of four successive phases: entrainment, displacement, distrainment 
(or definite cessation of displacement) and repose (Drake et al. 1988). The 
entrainment defines the transition from repose to displacement, occurring as 
a consequence of rollover, liftoff and impact ejection, when the fluid shear 
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stress at the bed is above the critical value for the onset of particle motion. 
Particle displacement, consisting of saltation, rolling and sliding, is characte-
rized by a bedload particle velocity vector which in general does not coin-
cide with the fluid velocity vector, owing to the occurrence of frequent, 
brief, localized sweep transport events characterized by very high rates of 
entrainment and transport (Drake et al. 1988, Nelson et al. 1995). 

The problem of defining a threshold condition for particle entrainment 
and evaluating the intensity and the direction of the flux of displaced par-
ticles has been extensively treated both experimentally (Fernandez Luque 
and van Beek 1976, Drake et al. 1988, Nelson et al. 1995, Niño et al. 1994a, 
Niño and Garcia 1998) and theoretically (Ashida and Michiue 1972, Enge-
lund and Fredsöe 1976, Wiberg and Smith 1985, Sekine and Kikkawa 1992, 
Niño et al. 1994b). These studies suggest that, under equilibrium conditions, 
two dimensionless parameters control the entrainment condition and the in-
tensity of sediment flux, namely the Shields stress *τ  and the particle Rey-
nolds number Rp defined as 

 0
*

sgd
ττ

ρ
=

∆
,                   

3
s

p

gd
R

ν
∆

= , (28) 

where τ0 is the modulus of the clear water bottom shear stress 0τ  (i.e., the 
fluid bed shear stress  in the absence of bedload),  g is the gravity constant, 
ds is the sediment grain size, ρ and ν are the density and kinematic viscosity 
of water and  ( ) /sρ ρ ρ∆ = − , with ρs sediment density.  

For a uniform open channel flow over an erodible homogeneous, nearly 
horizontal plane bed, with a depth much larger than the characteristic size of 
bed irregularities, the local, time-averaged value of the volumetric bedload 
sediment flux per unit width can be cast in the dimensionless form:  

 ( )0
0 * * 03

ˆ , ,b
b c p

s

q R
g d

ττ τ=
∆

q i  , (29) 

Fig. 3. Sketch of bedload transport over a plane, nearly horizontal bed. 
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where  * 0 * 0 ( )c c pRτ τ=   is the critical Shields parameter for incipient sedi-

ment motion, ( )0 0τ =i τ τ   is the unit vector corresponding to the direction 

of the shear stress vector 0τ  acting at the bed (coinciding with the flow di-
rection), while 0ˆbq  is the magnitude of the dimensionless bedload transport 
rate for a nearly horizontal bed. The latter quantity can be estimated through 
the various empirical beadload discharge predictors available in literature 
(e.g., among others, Meyer-Peter and Müller 1948, Van Rijn 1984, Parker 
1990, Wong and Parker 2006).  

In the presence of spatial variations of bed topography, however, the role 
of both stream-wise and lateral local bed slopes must be also accounted for. 
In general, the direction of particle motion does not coincide with the direc-
tion of applied shear stress unless the bed has no transverse tilt. Referring to 
quantities averaged over turbulence and over the thin layer in which bedload 
takes place, let pu  be the velocity of bedload grains, ψ  the angle between 

the direction of particle motion  ( )p p p=i u u   and the direction iτ of ap-

plied bed shear stress (see Fig. 4), and χ  the areal concentration (i.e., the 
volume of sediment per unit area) of bedload grains. Neglecting turbulent 
terms associated with time fluctuations, the two-dimensional, time-averaged 
volumetric bedload transport flux per unit width turns out to be (Seminara et 
al. 2002): 
 [ ]cos sin ( )b p nu τ τχ ψ ψ= + ×q i i i , (30) 

where in is the unit vector upward normal to the bed, and × denotes the ex-
ternal vector product. This relationship allows one to determine bq  from 
measured values of χ , pu , ψ , iτ , and in , rather than from bulk measure-

Fig. 4: (a) Plane view and (b) three-
dimensional view of the local reference
system introduced to discuss the para-
metrization  of the mascoscopic  (i.e.,
averaged in time and in space) bedload
sediment flux, Qb. 
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ments of bedload discharge, a technique which, although commonly used, 
does not disclose the local properties of bedload transport.  

On the other hand, the strongly nonlinear nature of (30) poses the prob-
lem of the closure of the macroscopic volumetric bedload flux  

 1 d d
h

s b b
A

D z A
A

ϕ ϕ
−∞

= = ∫ ∫Q q q , (31) 

where bq  has been taken out of the second integral since it does not depend 
on z. The characterization of Qs in terms of double-averaged values of the re-
levant flow and morphologic parameters, obtained from measurements, is a 
difficult and not yet undertaken task which, however, is within the reach of 
present measuring techniques and, therefore, merits the attention of experi-
mental researchers in the near future. The parametrization of Qs can be also 
pursued through numerical experiments, discretizing the flow domain with a 
very detailed mesh providing the ’local’ values of bq  to be used in the spatial 
averaging procedure (31). A much coarser mesh will then be used to test the 
possible closure relationships obtained for subgrid bedload transport. This 
numerical procedure, however, requires that the equations for determining 

pu , ψ , and the areal concentration χ  are suitably specified. In the case of 
bedload particles displaced by saltation, these equations have been derived 
by Seminara et al. (2002) and Parker et al. (2003) for the general case of a 
bed with finite slope in an arbitrary direction. In the following, for the sake 
of simplicity, we consider the simpler, but often encountered case of a gently 
sloping bed for which the streamwise and transverse bed slopes, tan αs and 
tan αt , as well as tanψ  are small enough to be replaced by sin αs , sin αt and 
sinψ , respectively.  

With reference to the notations of Fig. 4, let P be any point lying on the 
bed of a given representative elementary area A, and let (x, y, z) the local 
Cartesian reference frame, centred within A, where z is a vertical, upward di-
rected axis while x is the axis aligned with the double-averaged velocity vec-
tor Dϕu  (i.e., x ϕ ϕ=i u u ). Moreover, xs (with unit vector ixs) is the 
horizontal axis lying in the vertical plane (iτ , iz) and xt (with unit vector ixt) is 
the horizontal axis orthogonal to the plane (ixs, iz). Writing the equation of 
the local bed surface elevation in the form:  

 ( , ) 0b s tz z x x− = , (32) 

the streamwise slope and the transverse slope turn out to be 

 tan b
s

s

z
x

α ∂
= −

∂
,          tan b

t
t

z
x

α ∂
= −

∂
, (33) 
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In the limit of small slopes, relationship (30) giving the bedload transport 
vector per unit width simplifies to 

 [ ]
3

ˆ tan ( )b
b n

s

q
gd

τ τψ= + ×
∆

q i i i , (34) 

where 
 (1,0, tan )sτ α= −i ,                     (1,0, tan )n tτ α× = −i i , (35) 
                       0ˆ ˆ (1 tan )b b s sq q Λ α= − ,                tan tant tψ Λ α= − . (36) 

The coefficients Λs, accounting for longitudinal slope effects on the criti-
cal Shields stress for particle onset of motion, and Λt , resulting from trans-
verse slope effects on bedload transport, read: 

 
* * 0

* 0 0

0 * ,

ˆ1
ˆtan

c

c b
s

b

q
q τ τ

τΛ
µ τ
⎡ ⎤∂

= − ⎢ ⎥∂⎣ ⎦
,         

*

t
t

rΛ
τ

= − , (37) 

with µ the angle of repose of grains and rt a coefficient depending on the 
drag forces acting on sediment particles (Talmon et al. 1995). 

Owing to the assumption of small slopes, we can set xsτ ≈i i , ( ) .n xtτ× ≈i i i  
Recalling that the x-axis is aligned with the double-averaged velocity vector, 
i.e., x ϕ ϕ=i u u , it then turns out that: 

 cos sinxs x yβ β= +i i i , (38) 
 sin cosxt x yβ β= − +i i i , (39) 
with β the angle that the xs-axis forms with the x-axis (see Fig. 4). The vector 

tan ( )q nτ τψ= + ×k i i i  giving the direction bedload transport, can therefore be 
rewritten as 
 (cos tan sin ) (sin tan cos )q t t x t t yβ Λ α β β Λ α β= + + −k i i . (40) 

We now introduce the following decompositions:  

 b b bz Z z= + ,      ˆˆ ˆb b bq Q q= + ,      q q q= +k K k ,  (41) 

where Zb is the mean bed elevation within A while ˆ
bQ and Kq are the spatial-

averaged variables defined by (3). From these definitions it follows imme-
diately that  sin 0ϕ β = ,  0bz = . Moreover, 0bzϕ =   if the wetted por-
tion of A is large enough. Substituting the decompositions (41) into (34) and 
applying the spatial average procedure (2) yields:  

 
3

ˆ ˆ .b
b q b q

s

DQ q
g d

ϕ
ϕ= +

∆

q
K k  (42) 

This relationship is the starting point for obtaining suitable subgrid models 
of bedload transport, accounting for the physical processes acting within A 
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when the flow depth is comparable with bed irregularities. To this purpose, it 
is necessary to express ˆ

bQ , Kq , as well as the dispersive term ˆb qqϕ k  as 

functions of relevant double-averaged parameters (e.g., the Shields parame-
ter and its critical value), a task which necessarily requires ad hoc physical 
or numerical experiments. Some progress in this sense can be attained by 
further elaborating the terms ˆ

bQ and Kq . Observing that within A 

 tan cos sinb b b
s

s

z z z
x x y

α β β∂ ∂ ∂
= − = − −

∂ ∂ ∂
, (43) 

 tan sin cosb b b
t

t

z z z
x x y

α β β∂ ∂ ∂
= − = −

∂ ∂ ∂
, (44) 

and recalling (40) it follows that: 

 0 0 0ˆ ˆ ˆ ˆcos tan sin tanb b b s x b s yq q q qϕ ϕ ϕ Λ β α ϕ Λ β α= − − , (45) 
 
 ( )2cos tan sin tan sin cosq x x t x t yϕ ϕ β ϕ Λ α β ϕΛ α β β= + −k i i  

                    ( )2tan sin cos tan cos ,y t x t yϕ Λ α β β ϕΛ α β− − i  (46) 

where  tan /x bz xα = ∂ ∂   and  tan /y bz yα = ∂ ∂   are the local bed slopes with 
respect to the Cartesian reference frame (x, y, z) centered in A (see Fig. 4).  

The relationships (42), (45), and (46) can then be used to derive subgrid 
models for bedload transport over natural or statistically prescribed bed to-
pographies (e.g., with an assigned covariance structure) by using the local 
values of the various quantities (i.e., τ*, τ*c0, β, 0ˆsq ) obtained from either ex-
perimental measurements or numerical simulations. Note that, owing to the 
particular orientation of the reference frame centred in A, the streamlines 
tend to be symmetrical with respect to the x-axis (coinciding with the 
double-averaged flow direction, as shown in Fig. 4) and, therefore: 

 tan 0yϕ α ≈ ,           sin cos 0ϕ β β ≈ . (47) 

Finally, as far as the dispersive term ˆb qqϕ< >k  is concerned, it is im-

mediately recognized that it vanishes if the fluctuations ˆbq  and qk  are com-
pletely uncorrelated. Whether this circumstance occurs or not, and how the 
behaviour of ˆb qqϕ< >k  is related to the particular structure of bottom topo-
graphy at the subgrid scale, are issues that surely merit attention in the near 
future.  
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5. CONCLUSIONS 

A depth-averaged, spatial-averaging procedure has been applied to derive a 
double-averaged (i.e., in time and in space), two-dimensional form of the se-
diment balance equation (eq. 26), suitable to the numerical study of sediment 
transport over irregular bed topographies which can also partially dry during 
the flow evolution. The attention has been particularly focused on the case of 
dominant bedload, a sediment transport condition often occurring in gravel 
bed rivers even when the flow depth is comparable with the height of bed ir-
regularities. Two functional relationships for the local sediment flux have 
been considered. The first (eq. 30), deriving directly from the dynamics of 
sediment particles over an arbitrarily sloping bed, can be used to obtain the 
double-averaged bedload flux from locally measured values of areal sedi-
ment concentration, particle velocity and flow velocity. The second (eq. 34) 
relates the local sediment flux to the magnitude of the dimensionless equili-
brium bedload transport rate over a nearly horizontal bed, and to a few cor-
rective terms, accounting for transverse and longitudinal slope effects in the 
case, commonly encountered in nature, of a gently sloping bed. The spatial-
ly-averaged form of the latter relationship (eq. 42) turns out to depend on the 
spatial distribution of quantities, such that the Shields stress, its critical val-
ue, the intensity of bedload transport and the angle between the direction of 
the local velocity vector and its double-averaged counterpart, which can be 
easily determined from two-dimensional numerical simulations carried out 
with an ad hoc refined computational grid.  

The above theoretical framework sets a consistent basis for the deriva-
tion of suitable subgrid models to be used for the numerical simulation of the 
morphodynamic evolution of gravel bed rivers. The main advantage of this 
approach is related to the explicit modelling of the physical processes in-
duced by small scale bed and flow heterogeneities, without any appreciable 
increase of the computational effort.  

Some aspects of the present analysis need further attention. Turbulent 
fluxes associated with temporal fluctuations have been neglected in both 
(30) and (34). However, they can possibly play some role, owing to the in-
termittent nature characterizing the motion of bedload particles. The exten-
sion of (34) to the case of arbitrarily sloping beds has also to be considered, 
introducing into (30) the general relationships for particle velocities, the an-
gle ψ  and the areal concentration. Finally, the effects of suspended load on 
changes of the sediment stored in the water column and on the structure of 
the macroscopic sediment flux (i.e., on the second and third terms on the left 
side of (26)) surely merits to be investigated.  
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