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ABSTRACT: In the present contribution we focus our attention on the possible signatures of a chaotic behaviour or a self-
organized criticality state triggered in river meandering dynamics by repeated occurrence of cutoff processes. The analysis is 
carried out examining, through some robust nonlinear methodologies inferred from time series analysis, both the spatial series of 
local curvatures and the time series of long-term channel sinuosity. Temporal distribution of cutoff inter-arrivals is also investigated. 
The analyzed data have been obtained by using a suitable physics-based simulation model for river meandering able to reproduce 
reasonably the features of real rivers. The results are consistent and show that, at least from a modelling point of view, no evidence 
of chaotic determinism or self-organized criticality is detectable in the investigated meandering dynamics. Copyright © 2010 John 
Wiley & Sons, Ltd.
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Introduction

The occurrence of cutoffs is a key mechanism in the dynamics 
of meandering rivers. They introduce a strong source of non-
linearity in the process of river meandering evolution, which 
strongly contributes to the formation of the complex planform 
patterns usually observed in nature. In particular, channel 
shortening induced by cutoffs tends to limit the growth of 
channel sinuosity (Stolum, 1996), which can decrease dra-
matically when multiple cutoffs occur within short reaches 
(Mosley, 1975; Hooke, 2004; Hooke, 2007). The formation of 
cutoffs, on the one hand, removes older meanders and thus 
provides a fi ltering action which, although tending to reduce 
the geometrical complexity driven by fl uid dynamic processes 
(Camporeale et al., 2008), does not obscure the signature of 
the morphodynamic regime experienced by the river (Frascati 
and Lanzoni, 2009). On the other hand, the occurrence of 
cutoffs generates an intermittent noise that may infl uence the 
spatiotemporal dynamics of the whole river (Camporeale et 
al., 2008), and may lead, for example, to the formation of 
multiple loop bends (Hooke, 2007).

Varying opinions exist on the causes of meander cutoffs. In 
the absence of external factors, meanders grow subject to their 
own internal complex dynamics, tending toward increasing 
sinuosity until cutoff becomes inevitable. Under these condi-
tions, channel shortening via cutoff events can be regarded as 

a process intrinsically related to the internal mechanism of the 
system. Here, we focus just on this intrinsic process. However, 
the occurrence of cutoffs can also be caused by external 
factors such as inhomogeneities in bank material (e.g. Friedkin, 
1945), changes in effective discharge controlling equilibrium 
morphology and causing adjustment (Mosley, 1975), or occur-
rence of exceptionality high fl oods (Erskine et al., 1992; Leys 
and Werritty, 1999).

An alternative conceptual explanation for the occurrence of 
meander cutoffs originates from the concept of geomorphic 
thresholds and complex response, fi rstly put forward by 
Schumm (1973). Sudden changes of the system can take place 
without signifi cant changes in external conditions provided 
that a given threshold, to be suitably identifi ed, is exceeded. 
This idea is quite close to the concept of self-organized criti-
cality (SOC) introduced by Bak et al. (1987), according to 
which large dissipative systems with many degrees of freedom 
tend to build up a state poised at criticality that is character-
ized by a large range of length- and time-scales. This concept 
has been applied for example to experimental braided rivers 
(Sapozhnikov and Foufoula-Georgiou, 1997), to drainage river 
networks evolution (Rodriguez-Iturbe and Rinaldo, 1997), and 
to riverbank stability (Fonstad and Marcus, 2003).

One approach to the study of the dynamics of meandering 
rivers thus involves the use of the theoretical framework pro-
vided by nonlinear dynamical systems (Phillips, 1992, 1995), 
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and assumes meander cutoffs to be part of a process of self-
organization which has the potential to characterize river 
meandering dynamics (Hooke, 2007). According to this view-
point Stolum (1996), using a simplifi ed linearized simulation 
model, interpreted the occurrence of spatial clusters of river 
cutoffs as a mechanism leading the system to evolve toward 
a self-organized critical state in which the overall reach sinu-
osity fl uctuates around a constant, equilibrium mean value. 
Moreover, to examine the possible evidence of nonlinear 
behaviour and self-organized criticality in meandering dynam-
ics, Hooke (2007) proposed to interpret the morphological 
changes observed in actively meandering rivers from the plot-
ting of the trajectories and identifi cation of relevant phase-
spaces. A wide variety of behaviour is evident from this 
analysis, ranging from meandering reaches which are stable 
to those which are highly dynamic.

However, whether or not meandering dynamics exhibit the 
evidence of the low-dimensional determinism characterizing 
chaos remains an unresolved question. In addition, the fasci-
nating idea of explaining active meandering systems in terms 
of chaotic dynamics and self organization (i.e. a state at the 
‘edge of chaos’) merits further study. More specifi cally, more 
insight into the dynamics of cutoff events, with particular refer-
ence to the formation of spatiotemporal clusters of cutoffs, is 
needed. The detection of possibly chaotic or self-organized 
behaviour requires adequate records of planform changes 
over historical timescales, carried out on suffi ciently long 
homogeneous river reaches. Although good historical data are 
now available for some highly mobile channels (Hooke, 2004; 
Gautier et al., 2007), a much longer observation period than 
presently available is likely necessary to reliably detect the 
presence of chaos. Moreover, the analysis may be compli-
cated by the interplay of both the inherent dynamics of the 
river and changes in external controls induced by e.g. hydro-
logic and climate changes, as well as by human activities 
(Hooke, 2007; Fonstad and Marcus, 2003).

A different approach, proposed in this paper, relies on the 
use of time series obtained from physics-based mathematical 
models (Ikeda et al., 1981; Johanneson and Parker, 1989; 
Zolezzi and Seminara, 2001) which, by explaining meander 
formation in terms of a two-dimensional instability process 
(bend instability) driven by bank erosion (Seminara, 2006), 
have provided deeper insight into meander dynamics. These 
models, owing to the constraints placed by the long time 
intervals and the large spatial scales to be investigated, are 
necessarily based on a simplifi ed description of process laws 
as well as of external controls. Nevertheless, they rest on a 
fully nonlinear formulation for the kinematics of river plan-
form evolution and also account for the strongly nonlinear 
interactions arising from the abrupt channel shortenings due 
to cutoff processes. It has been demonstrated that, when 
enough refi ned (albeit linearized) fl ow models are adopted, 
these models capture the essential features (geometry and 
kinematics) of both the short- and the long-term behaviour of 
meandering rivers (Lanzoni and Seminara, 2006; Lanzoni et 
al., 2006; Camporeale et al., 2007; Frascati and Lanzoni, 
2009).

The question we want to address in the present study then 
is: do mathematical models really provide evidence of a 
chaotic behaviour and SOC of active meandering rivers, as 
suggested by Stolum (1996) and Hooke (2004) on the basis of 
numerical simulations and fi eld observations, respectively? 
With this aim, we analyze the results obtained from the most 
advanced mathematical model to date which has been shown 
to contain the fundamental physics needed to provide a rea-
sonable representation of the features of real rivers (Frascati 
and Lanzoni, 2009).

The rest of the paper is organized as follows. The section 
‘Planimetric evolution modelling’ summarizes both the math-
ematical framework and the long-term numerical approach 
used to simulate the planform evolution of meandering erod-
ible channels. The data series considered in the analysis, 
namely the spatial series of local curvatures, the time series of 
channel axis sinuosity and the series of neck cutoff event inter-
arrivals, are also described in this section. The section 
‘Nonlinear series analysis’ briefl y introduces the mathematical 
methodologies used to identify the presence or absence of 
both inherent nonlinearity and exponential divergence of 
nearby trajectories (chaos) in the analyzed data series. The 
next section presents the results of the analyses of the spatial 
sequence of channel axis curvature and of the temporal 
sequences of channel overall reach sinuosity. Moreover, ana-
lyzing the temporal distribution of neck cutoff occurrences, 
the signatures of possible SOC triggered in meandering 
dynamics by repeated cutoff events are investigated. The fi nal 
section draws some conclusions.

Planimetric evolution modelling

Mathematical framework

Let us consider the constant-width (2B0) meandering channel 
sketched in Figure 1, with a movable bed and erodible banks. 
The fl ow within the channel is assumed to be uniform, with 
reach-averaged mean fl ow depth D0 and mean longitudinal 
velocity U0.

One standard framework for studying the planform evolu-
tion of meandering channels consists of reducing the problem 
of predicting their lateral migration to determining the motion 
of a line (i.e. the channel centreline s) which, in the absence 
of external constraints, freely evolves in time with some lateral 
migration speed driven by bank erosion process. Though 
meander migration is essentially governed by erosion at the 
outer bank and deposition at the inner bank of channel bends, 
bank erosion is usually an intermittent and heterogeneous 
process. In fact, erosion may be controlled by several causes, 
like bank collapse due to scour at the bank toe or development 
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Figure 1. Sketch of the meandering channel and notations. A 
meander is defi ned as a segment of stream lying among three infl ec-
tion points. L is the intrinsic meander wavelength.



 LONG-TERM RIVER MEANDERING DYNAMICS 793

Copyright © 2010 John Wiley & Sons, Ltd. Earth Surf. Process. Landforms, Vol. 35, 791–802 (2010)

of tension cracks, groundwater seepage and vegetation (Darby 
and Thorne, 1996; Darby, 1998; Darby et al., 2002). However, 
on the very slow time-scale associated with channel planimet-
ric development, it is appropriate to rely on an integrated 
description of the erosion process in which the transient 
process whereby sediment eroded at concave banks is depos-
ited at convex banks is taken to occur instantaneously. 
Following this approach, bank erosion can be modelled as a 
continuous process keeping nearly constant the average river 
width.

Using an orthogonal intrinsic reference system (s, n), the 
planform confi guration of the channel (at a given time t) is 
thoroughly described by the spatial distribution of the angle 
θ(s, t) that the local tangent to the channel axis forms with the 
direction of a reference Cartesian axis x (Figure 1). The non-
linear integro-differential equation describing the planimetric 
evolution of the channel reads (Seminara et al., 2001):
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where ζ (s, t) denotes the lateral migration rate of the channel. 
This migration rate is usually related to the stream hydrody-
namics through a simplifi ed linear relation of the form (Ikeda 
et al., 1981; Seminara et al., 2001):

 ζ = −( ) == =−E U U EUn B n B0 0 b,  (2)

where Ub is the near-bank velocity increment of the fl ow 
induced by the alternating bends, and E is a dimensionless 
long-term erosion coeffi cient depending on the geotechnical 
characteristics of the banks. This simplifi ed erosion law is 
supported by fi eld investigations (Pizzuto and Meckelnburg, 
1989) and is commonly assumed in numerical simulations 
(Howard and Knutson, 1984; Sun et al., 1996, 2001; 
Camporeale et al., 2005; Lanzoni et al., 2006; Frascati and 
Lanzoni, 2009).

The estimate of Ub in (2) is carried out by introducing a 
suitable morphodynamic model allowing the expression of 
this quantity as a function of the arbitrarily varying curvature 
of the channel axis (=−∂θ/∂s). However, the description of the 
fl ow fi eld in a sinuous, movable bed channel is still a diffi cult 
issue and, therefore, a number of simplifi ed models have been 
proposed. These models usually assume steady fl ow condi-
tions, rely on a linearized treatment of the governing hydro-
dynamic and morphodynamic equations, and involve different 
levels of approximation of the morphodynamic processes 
under consideration (Ikeda et al., 1981; Johannesson and 
Parker, 1989; Zolezzi and Seminara, 2001). Here, we use the 
model proposed by Zolezzi and Seminara (2001), which has 
been shown to reasonably reproduce many of the features (i.e. 
simple bends, compounds bends and multiple loops) of 
meander morphology observed in the fi eld (e.g. Frascati and 
Lanzoni, 2009). This model, which is to date the most com-
plete theory for morphodynamics of meandering rivers, uses 
a linearized formulation for the fl ow hydrodynamics and bed 
morphodynamics, but a fully nonlinear formulation for the 
kinematics of planform evolution. The analytic solution 
derived for the fl ow fi eld is based on a full coupling between 
(i) hydrodynamics, sediment transport and bed topography 
and (ii) curvature-driven secondary currents and topography-
driven secondary fl ow, even though it is not able to capture 
fl ow separation associated with concave-bank bench forma-
tion (Hodskinson and Ferguson, 1998). Moreover, it considers 
the spatial variation in the friction factor and in the bed load 
transport as well as the vertical variation of the eddy 
viscosity.

The coupling between the hydrodynamics and the morpho-
dynamics embodied by the adopted fl ow fi eld model is of 
fundamental importance to describe the so-called resonance 
phenomenon (Blondeaux and Seminara, 1985), a crucial 
ingredient for fully describing meandering morphodynamics 
(Seminara et al., 2001; Lanzoni and Seminara, 2006; Frascati 
and Lanzoni, 2009). This phenomenon can be explained by 
recalling that meander formation can be described as an insta-
bility process, tending to select a given meander intrinsic 
wavenumber λ = 2πB0/L (Figure 1). This wavenumber is, in 
general, a function of the aspect ratio (β = B0/D0) of the 
channel, the intensity of sediment transport and the fl ow resis-
tance. The response of the system, however, tends to grow 
indefi nitely for specifi c (resonant) values of the intrinsic wave-
number and of the aspect ratio, λr and βr, depending on the 
intensity of the sediment transport and friction (Blondeaux and 
Seminara, 1985). The bed pattern associated with resonance 
consists of stationary (i.e. non-migrating) sediment waves, 
arranged in periodic sequences of riffl es and pools in alternate 
fashion. This bed confi guration would not develop spontane-
ously, but is excited by channel curvature at resonance, a 
condition which can be described only after accounting for 
both curvature-forced variations in velocity and depth and 
alternate bars. Conversely, resonance cannot be predicted 
from, e.g. the model of Ikeda et al. (1981) (used by Stolum, 
1996) which only considers curvature forcing and does not 
solve for the bed topography.

From a morphological point of view, resonance determines 
the existence of two distinct morphologic regimes which 
strongly infl uence meandering dynamics (Seminara et al., 
2001; Lanzoni et al., 2006; Lanzoni and Seminara, 2006). 
Under sub-resonant conditions (β < βr, i.e. relatively narrow 
channels), meanders are typically characterized by upstream 
skewing and downstream migration (downstream infl uence), 
whereas under super-resonant conditions (β > βr, i.e. relatively 
wide channels) meandering patterns are characterized by 
downstream skewing and upstream migration (upstream 
infl uence).

The fl ow fi eld solution provided by Zolezzi and Seminara 
(2001) accounts for resonance and yields a functional relation-
ship for the near-bank velocity increment Ub of the form

 U F C e mj s
s

b f * d= ( )⎡
⎣

⎤
⎦

−( )∫ν β τ ξ ξλ ξ
0

0
, , , , , .C C  (3)

The relevant dimensionless input parameters needed to solve 
the mathematical problem given by Equations (1), (2) and (3) 
are: the bankfull aspect ratio β; the friction coeffi cient Cf, 
which in general depends on the dimensionless grain size ds 
= d0/D0 and on the bed confi guration (i.e. plane or dune-
covered); the Shields parameter τ*, a dimensionless measure 
of the bed shear stress controlling the intensity of the sediment 
transport; the curvature ratio ν0, defi ned as the ratio of half-
channel width to some characteristic value of the radius of 
curvature of the channel axis (e.g. its minimum value in the 
meandering reach). The integro-differential Equation (1) is 
eventually written entirely in terms of the unknown function 
θ(s, t), observing that the local value of the channel axis cur-
vature reads C = −∂θ/∂s. Finally, we note that the exponents 
λmj (m = 0, ∞; j = 1, 4) appearing in (3) result from the solution 
of the dispersion relationship arising from linearized fl ow fi eld 
problem (Seminara, 2006). They account for the spatial 
memory of the system, through the related convolution inte-
grals, and determine whether fl ow and bed topography at a 
given position along the axis s are affected by the reaches 
located upstream (sub-resonant conditions) or downstream 
(super-resonant conditions) (Lanzoni and Seminara, 2006; 
Frascati and Lanzoni, 2009).
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Numerical approach

When considering an arbitrary distribution of the channel axis 
curvature, as typically occur in nature, the mathematical 
problem outlined in section needs to be solved numerically. In 
this case, rather than solving numerically the integro-differential 
Equation (1), it proves more convenient to calculate the fully 
nonlinear planimetric evolution of the channel axis discretized 
as a sequence of points. At every time step, each node is dis-
placed orthogonally to the channel centreline by an amount 
ζΔτ, where τ = Et is the very slow temporal variable associated 
with the planimetric development of the channel.

Starting from an initial straight planimetric confi guration, 
slightly and randomly perturbed, the planform evolution of a 
meandering river is simulated assuming a temporally constant 
valley gradient, no constraints at either channel end, and a con-
stant long-term erosion coeffi cient E (=10−8; e.g. Johannesson and 
Parker, 1985). Under these assumptions, differential changes in 
base level, as well as spatial variations in soil erodibility character-
izing the undisturbed fl oodplain, the point bar deposits and the 
oxbow lakes (i.e. the infl uence of external forcings) are neglected.

The adopted numerical approach, besides nonlinearities 
associated with the kinematics of planform evolution (1), also 
accounts for the deterministic, strongly nonlinear, interactions 
arising from the abrupt channel shortening due to cutoff 
processes. Cutoff events, on the one hand limit the spatial 

evolution of the meanders, and on the other hand generate an 
intermittent shot noise that disturbs (in space and time) the 
deterministic dynamics and propagates along the river 
(Camporeale et al., 2008). Although two different types of cutoff 
are usually recognized in natural channels, i.e. chute and neck 
cutoff, we restricted our attention only to the latter. This choice 
is motivated by the fact that while the genesis of neck cutoffs 
is quite clear (they occur, in absence of external forcing, when 
the local sinuosity becomes so large that adjacent loops inter-
sect each other, leading to the formation of an abandoned loop 
(oxbow lake) when sedimentation closes the ends of the former 
loop), the dynamics of chute cutoffs is not yet clearly under-
stood. A typical example of sub-resonant long-term synthetic 
planform confi guration is shown in Figure 2a in which the 
oxbow lakes occurring during the entire planimetric evolution 
are also highlighted. Moreover, Figure 2b reports the intrinsic 
length of oxbow lakes against time of cutoff occurrence.

Data series

The deterministic dynamics of the system under investigation 
can be described by discrete maps of the forms:

 x F x Fi n i n, , , : ,+ = ( ) →1
2 2R R  (4)

where F(xi,n) = xi,n − ζi,n {cos(θi,n), sin(θi,n)}.
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Figure 2. (a) Long-term planform confi guration experienced by a meandering river evolving from an initially straight randomly perturbed con-
fi guration. The initial values of the parameters used in the simulation are β = 11, ds = 0·001, τ* = 1·3 (dune covered bed, sub-resonant conditions). 
The fi gure also highlights the oxbow lakes occurring during the entire planimetric evolution. Oxbow lake age is characterized using grey-scale 
tones. Dark oxbows are the most recent ones, and white oxbows are the oldest ones. (b) The intrinsic length of the oxbow lakes L0 against time 
occurence of cutoff events. This fi gure is available in colour online at www.interscience.wiley.com/journal/espl
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These maps are obtained by tracing at each time step τ = 
nΔτ the displacements of the i-th point, xi, of the channel axis. 
The spatiotemporal patterns given by the sequences of points 
{xi,n} represent a set of trajectories of our dynamical system, 
which are uniquely determined once the initial conditions xi,0 
are specifi ed.

Figure 3a shows that the overall reach sinuosity σ (i.e. the 
ratio of the river length to the straight distance between its 
endpoints), after an initial monotonic growth until incipient 
cutoff conditions (region I), begins to fl uctuate (region II), 
eventually reaching a dynamical stationary state, in which it 
fl uctuates around a constant value (region III). It is worthwhile 
to note that some cutoff clustering is observed to occur only 
in the initial stage of a given simulation as an artefact of the 
adopted initial planform (a straight, slightly perturbed line). 
This initial condition, in fact, leads to an artifi cial regularity of 
the meander trains which implies that adjacent meanders 
approach neck cutoff nearly simultaneously. However, as 
soon as regularity is destroyed by cutoffs, clustering is much 
less likely and the fl uctuation of the sinuosity is mostly associ-
ated with single cutoff events. In addition, Figures 3b,c clearly 
display that the introduction at a certain instant (i.e. τ3̄ = τ3 
U0 /B0 � 760) of a small disturbance leads to quite different 
series of both the sinuosity (Figure 3a,b) and the fi nal planform 
confi gurations (Figure 3c). We then wonder whether this long-
term behaviour is characterized, or not, by deterministic chaos 
signatures.

However, the nonlinear analysis of spatiotemporal patterns 
is a subject which, at the present, is not yet settled, and no 
general methods are available. We have then to resort to either 
spatial patterns, such as series of local curvatures (Montgomery, 
1993; Perucca et al., 2005) or to a quantity which likely syn-
thesizes the overall behaviour of the system, such as the reach 
sinuosity (Stolum, 1996). Obviously, the signifi cance of this 
latter measure in summarizing the intrinsic features of the 
whole dynamics system, and hence its state, is not known. 
Several measures may indeed act as state parameters (e.g. 
Frascati and Lanzoni, 2009). Here, the sinuosity is considered 
only because it represents the simplest possible state 
parameter.

Finally, to support or refute the idea that meander cutoffs 
can be regarded as part of a process of self-organization, the 
temporal distribution of cutoff interarrivals is investigated. The 
i-th time cutoff inter-arrival xτi is defi ned as follows:

 x
U
B

i Ni i iτ τ τ= −( ) =( )−c c c1
0

0

1, , . . . ,  (5)

where τci is the time occurrence of the i-th cutoff, and Nc is 
the total number of cutoff events.

Nonlinear series analysis

Chaos is one of the topics in the fi eld of nonlinear dynamics, 
studying the characteristics of the time evolution of dynamical 
systems. Generally, these systems can evolve stochastically 
(i.e. according to some random process), deterministically (in 
which case the future is only uniquely determined by the past 
according to some rule or mathematical formula), or chaoti-
cally. This latter behaviour is often called deterministic chaos 
and it can only occur when the governing equations are 
nonlinear.

The features of deterministic chaos are described in a rich 
literature and a number of techniques have been specifi cally 
developed for its characterization. Loosely speaking, a chaotic 
system is characterized by a sensitive dependance upon initial 

conditions because small errors typically grow exponentially 
with time. As a consequence, the behaviour of the system, 
although deterministic, can only be predicted for a fi nite time/
distance. Among the various classes of observable dynamical 
systems, chaos thus lies between the well-studied domain of 
predictable, regular, or quasi-periodic signals and the set of 
totally irregular stochastic signals (noise) which are completely 
unpredictable. Chaos looks like noise when adopting conven-
tional linear tools, such as Fourier transforms. Nevertheless, 
chaos has a well-defi ned structure in an appropriate state or 
phase space. The existence of these invariant properties of a 
chaotic system, usually determined through nonlinear time 
series methods, implies that time series generated by a chaotic 
process can be, at some extent, predicted thus providing 
useful information for modelling chaotic systems and control-
ling, also from an practical point of view, the source of the 
signal (e.g. Abarbanel, 1996).

However, nonlinear time series analysis is far less estab-
lished than its linear counterpart. Detecting chaos in a signal 
is still more an art than a science, since the application of the 
various methodologies often does not yield results that can be 
unambiguously interpreted (Kantz and Schreiber, 1997; Sprott, 
2003). The fact that simple deterministic systems generally 
exhibit complicated temporal behaviours in the presence of 
nonlinearity has infl uenced thinking and intuition in many 
fi elds, and a wide spectrum of paradigms (e.g. chaos, self-
organized criticality, fractals, neural networks, etc.) have been 
proposed to study the complex outputs of these systems. 
Therefore, even though new tests are constantly developed, 
caution is strongly needed in detecting evidences of chaotic 
behaviour in a dynamical system, since the results of these 
tests are seldom defi nitive.

Embedding: phase-space reconstruction

The problem of converting observations into a state vector is 
called phase-space reconstruction. The most important phase-
space reconstruction technique is the method of delays. 
Vectors in a new space, the embedding space, are formed 
from time-delayed values of the scalar measurements (Kantz 
and Schreiber, 1997):

 xn n m d n m d n d nx x x x= { }− −( ) − −( ) −1 2, , . . . , , ,  (6)

where the number m of elements is called the embedding 
dimension, while the time τd = dΔt is generally referred to as 
the time delay (or lag). Different quantitative tools are avail-
able to guide the choice of the optimal values of m – false 
nearest-neighbour method (Kennel et al., 1992), and the 
method of Cao (1997) – and of lag τd – visual inspection, 
autocorrelation function (Kantz and Schreiber, 1997), and 
average mutual information (Fraser and Swinney, 1986). 
Unfortunately, there is no unambiguous way of evaluating the 
minimum embedding dimension and the time delay of a scalar 
series, in particular when noise is present. In the practical 
application, one can try to optimize the performance of the 
choice by varying the value of m and τd.

Moreover, space-time separation plots (Provenzale et al., 
1992), whose lines of constant probability per unit time indi-
cate the distance due to fi nd a given fraction of pairs depend-
ing on their temporal separation, can be used to identify 
correlations among data or to detect nonstationarity. As a 
consequence, this type of plot can be regarded as a powerful 
tool to estimate a reasonable delay d, and, more importantly, 
the Theiler window tw = dwΔt (Theiler, 1990) to be used in 
dimensions and Lyapunov analyses. Here dw represents the 
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Figure 3. (a) Time series of the reach sinuosity, σ. Region I refers to the initial phase in which the sinuosity progressively grows until incipient 
cutoff conditions. Region II characterizes a phase in which, owing to repeated cutoff events, the sinuosity reaches a stationary state. Finally, region 
III represents steady dynamical conditions whereby the sinuosity fl uctuates around a constant value. Point 3 denotes the instant at which a small 
perturbation is introduced in the planform confi guration resulting after a given cutoff event. (b) Expansion of the steady region, for τ > τ3; the 
continuous and the dashed lines denotes the unperturbed and the perturbed sinuosity time series, respectively. (c) Spatial patterns characterizing 
a few typical time instants (shown in the previous plots) of the evolutionary process. In particular, confi gurations 4 and 5 correspond to the 
unperturbed and perturbed planforms attained at the end of the simulations, respectively. The dimensionless planimetric scale is expressed in 
half-width units. Flow is from top to bottom.
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minimum time separation for which no recurrent structure can 
be detected in the analyzed data. Only for values of dw where 
contour lines are on average fl at, does temporal correlation 
not cause spurious effects in the correlation sum evaluation.

Testing for determinism and nonlinearity

Most of the methods and quantities adopted to detect signa-
tures of deterministic chaos are most appropriate when the 
data show strong and consistent nonlinear deterministic sig-
natures. Therefore, before addressing nonlinear analyses it is 
advisable to establish statistical evidence for deterministic 
behaviour and nonlinearity. A deterministic versus stochastic 
(DVS) test and a surrogate-based methodology are used for 
this aim.

Before pursuing numerical tests on temporal series, it is 
useful to distinguish between deterministic and stochastic 
signals. With this aim we consider the following quantity (Cao, 
1997):

 E m d
N md

x xi md n i m md
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N d
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=
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where n(i, m) is the integer such that xn(i,m)(m) is the nearest 
neighbour of xi(m). Its variation from m to m + 1 can be inves-
tigated by considering E2(m, d) = E(m + 1, d)/E(d). For a random 
time series, since the future values are independent of the past 
ones, E2(m) will be nearly equal to 1 for any m investigated. 
On the contrary, for deterministic data, E2(m, d) is certainly 
related to m. As a result, E2(m, d) cannot be a constant for all 
m and, hence, there must exist some value of m such that 
E2(m, d) ≠ 1.

Surrogates are constructed so to have the same power spec-
trum and, hence, the same autocorrelation function of the 
original series, but any inherent nonlinearity is destroyed since 
the process by which the surrogates are generated randomizes 
the phases in the Fourier space. The method we used for sur-
rogate series generation is the Iterative Amplitude Adjusted 
Fourier Transform (IAAFT) method of Schreiber and Schmitz 
(1996). The surrogate time series are used to estimate how a 
given statistic is distributed in the absence of dynamical non-
linearity. Therefore, the null hypothesis is that the data are 
adequately described by their single time probability distribu-
tion and their power spectrum. If the value of the statistic for 
the test data falls into the distribution for surrogate data, then 
there is no evidence of dynamical nonlinearity. On the other 
hand, if the test data have a value for the statistic that is outside 
of the distribution for the surrogates then we can conclude 
that the test data are somehow different from the surrogates.

Attractor dimension and exponential divergence

Dimensions and Lyapunov exponents are tools which allow 
us to quantify the properties of a signal. In chaos theory the 
correlation sum C is the estimator of the correlation integral, 
which refl ects the mean probability that the states at two dif-
ferent times are closer than a given distance ε:
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Here N is the number of data, Θ is the Heaviside step function, 
and �xi − xj � is the spatial separation between two points i and 
j, usually given by the Euclidean norm in an m-dimensional 

time-delay embedding. The relationship (8) used to quantify 
the correlation sum is called the Grassberger and Procaccia 
(1983a,b) algorithm. The correlation dimension Dc is then 
defi ned by
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and can be determined by plotting log C (m, ε) versus log ε 
and evaluating, through a fi tting, the straight line for which 
saturation (plateau) occurs. If the dimensionality of the attrac-
tor turns out to be non-integer then the attractor is chaotic 
(strange, fractal).

It is well known that chaos arises when the trajectories of a 
dynamic system are highly sensitive to initial conditions, thus 
leading infi nitesimal perturbations to grow exponentially. The 
exponential instability is characterized by the spectrum of 
Lyapunov exponents (Eckmann and Ruelle, 1985). Here, we 
restrict our attention to the maximum Lyapunov exponent λmax 
which can be determined numerically without the explicit 
construction of a dynamic model for the investigated scalar 
series. If λmax is positive, then nearby points will diverge expo-
nentially, the orbit being unstable and chaotic. A consistent 
and unbiased estimator for the maximal Lyapunov exponent 
is given by (Kantz and Schreiber, 1997):
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where the reference points x0 are the embedding vector, and 
I(x0) is the neighbourhood of x0 with diameter ε. The formula 
is implemented using the algorithm of Rosenstein et al. (1993). 
If S(ε, m, t) exhibits a linear increase with identical slope for 
all m larger than some m0 and for a reasonable range of ε, 
then this slope can be taken as an estimate of the maximum 
exponent λmax.

Results

Nonlinear analyses

We now apply the nonlinear methodologies described in the 
previous section to ascertain whether a signature of chaotic 
behaviour can be found in the spatiotemporal patterns arising 
from the long-term numerical simulation of meandering rivers.

Figure 4a shows the spatial series of the channel axis cur-
vature corresponding to the unperturbed fi nal confi guration 
reported in Figure 2. The contour lines of the space-time sepa-
ration plot applied to this spatial signal (Figure 4b) indicate 
that, after an initial transient of points with small space-sepa-
ration at very low spatial scale, the structure becomes fl at at 
any other spatial scale. A clear saturation is thus detectable 
above a relative distance between points equals to 50Δs. This 
distance provides an estimate of the Theiler window tw to be 
used in dimensions and Lyapunov analyses, and, as a conse-
quence, represents the distance for which spatial correlations 
in the signal can be reasonably neglected. Moreover, it is 
worthwhile to note that the value of this length-scale (approxi-
mately equal to 40 half-widths) is fi nely comparable to that 
arising from the morphodynamic length-scale Lm pointed out 
by Frascati and Lanzoni (2009) which depends on the values 
attained at steady state by the relevant dimensionless input 
parameters of the numerical model (β, τ*, ds).

Before addressing nonlinear analyses, it is advisable 
to establish statistical evidence for both determinism and 
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nonlinearity. The DVS test and surrogate data, described in 
the section ‘Testing for determinism and nonlinearity’, are 
used to this aim. The DVS test depicted in Figure 4c clearly 
indicates that the spatial series of the curvature is of determin-
istic origin. (A similar result has been obtained for the sinuosity 
time series.) To get nonlinearity tests at the 99% level of sig-
nifi cance, collections of 99 surrogate time series which share 
with the data the single time sample probability distribution 
and the periodogram have been generated. An example of 
surrogate curvature series is reported in Figure 4d, while the 

reversibility test and the locally constant predictor test carried 
out for the spatial series curvature are shown in Figure 4e and 
f, respectively. Both tests indicate that the null hypothesis 
cannot be rejected, and therefore suggest that no nonlinearity, 
or at the most only a weak nonlinearity, characterizes the 
investigated planform. This result is in accordance with the 
outcomes of the various tests for detecting nonlinearities 
carried out by Perucca et al. (2005) on the curvature series of 
the planimetry of four real meandering rivers. The same non-
linearity tests for the time series of sinuosity are reported in 
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Figure 4g and h, respectively. In this case the nonlinear predic-
tion test clearly indicates that the predictability is signifi cantly 
reduced by destroying the nonlinear structure which charac-
terize the sinuosity attractor.

On the contrary, the correlation dimensions calculated for 
the space series of the curvature and the time series of the 
sinuosity are shown in Figure 5. In both cases no saturation 
of the curves (plateau), obtained by varying the embedding 
dimension and the delay, is observed. This implies that no 
scaling range exists and, as a consequence, a unique value of 
the dimension cannot be established. Similar behaviours, not 
shown here, have also been obtained applying the Takens–
Theiler maximum likelihood estimator (Takens, 1985; Theiler, 
1988) to get optimal values for Dc. Moreover, it is worthwhile 
to note that the dimension arising from the space series of the 
curvature for m = 6 is close to the value 2·5 found by 
Montgomery (1993) (Figure 5a). However, this value emerges 
only if a very small spatial delay is taken and then a strong 
correlation is imposed among the data.

Finally, the estimate of the maximal Lyapunov exponent 
λmax for the space series of the curvature and the time series 
of the sinuosity is reported in Figure 6. In both cases, even 
though a wide range of values of m and d has been consid-
ered, no linear increase of the plotted curves can be clearly 

detected. The lack of robust exponential divergence of nearby 
trajectories which emerges from these analyses suggests the 
idea that, not only the meandering river geometry at a given 
time, but also the entire meandering dynamics cannot be 
considered as part of a chaotic system.

Cutoff inter-arrivals

SOC generally occurs in large, highly nonlinear dissipative 
systems with many degree of freedom. When the least stable 
part of the system reaches a given threshold, a burst of activity 
is triggered that leads to breakthroughs propagating through-
out the entire system, because it generates chain reactions of 
global size. As a consequence, the system naturally evolves 
towards a SOC state with spatial and temporal power-law 
scaling behaviour, i.e. characterized by the absence of char-
acteristic spatial or temporal scales. The spatial scaling leads 
to a fractal structure and the temporal evolution yields a fre-
quency spectrum adjusting in a power-law form. In both 
cases, the frequency data should fi t well a linear trend in a 
log–log plot, over a large range of event magnitudes. In addi-
tion, the SOC process must be robust with respect to initial 
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conditions or to the presence of quenched disorder, and 
should not depend on parameter tuning (Bak et al., 1987; 
Rodriguez-Iturbe and Rinaldo, 1997).

Stolum (1996) explained the robustness of the stationarity 
state of long-term meander planforms in terms of a dynamical 
state of SOC. Indeed, he observed that the cumulative area-
frequency distribution of the oxbow lakes synthetically gener-
ated follows a power-law scaling over nearly just two order 
of magnitude. Such a distribution, including both single and 
spatial-clustered oxbow lakes, brought Stolum (1996) to con-
sider river meandering dynamics consistent with a dynamical 
state in which clusters of cutoffs, which in his analysis are 
generated according to a very qualitative clustering criterion, 
are equivalent to the dynamical notion of avalanches which 
is characterized by a fractal behaviour and, more importantly, 
is intrinsic to the SOC model. Actually, if meandering systems 
really tend to SOC then not only spatial but also temporal 
power-law scaling should be expected. On the contrary, the 
analysis of the temporal distribution of neck cutoff occur-
rences, shown in Figure 7, reveals that the time inter-arrivals 
of cutoff events xτ are exponentially distributed.

It is well known that exponential distributions belong to a 
class of probability distributions describing processes in 

which events occur independently of each other (Poisson 
processes). A characteristic feature of this class of stochastic 
processes is that it is memoryless and does not present any 
evidence of temporal clusters. Therefore, the lack of temporal 
power-law scaling, along with the absence of temporal clus-
ters exhibited by the time distribution of cutoff inter-arrivals, 
seems to argue against the idea that meandering patterns tend 
to a dynamical SOC state related to the occurrence of spa-
tiotemporal chaos and intermittency brought into the system 
by cutoff events.

Figure 7 assesses the goodness of the exponential fi t. The 
similarity between different probability distributions has been 
evaluated by using a divergence measure, i.e. a measure of 
the distance between two or more probability density func-
tions (PDFs). Several divergence measures are available, par-
ticularly in the information theory literature. Here we use the 
generalized Jensen–Shannon divergence (Lin, 1991) which is 
based on the defi nition of Shannon entropy (Shannon, 1948). 
The 2D balanced form of the Jensen–Shannon divergence 
produces an index (JSπ) which is 0 for identically equal PDFs 
and 1 for completely different PDFs. The discrepancy of the 
neck cutoff inter-arrivals distribution evaluated numerically 
with the theoretical exponential distribution adapted to the 
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data yields a value of JSπ equal to 0·0055, giving evidence of 
the goodness of the exponential fi t.

The low likelihood of cutoff clustering can be explained by 
the fact that, contrary to the chain reaction paradigm embod-
ied by SOC, the consequences of a cutoff event affects a rela-
tively limited river reach. This is suggested, for example, by 
the fi eld observations carried out by Brice (1973) on the White 
River, and is in accordance with theoretical fi ndings showing 
that spatial effects of the cutoff processes decay fairly rapidly 
owing to the convolution integrals appearing in Equation (3).

Conclusions

Whether or not meandering rivers in the fi elds clearly exhibit 
signatures of deterministic chaotic behaviour or self-organiza-
tion remains an unresolved question. This is largely because 
the time record needed to verify this signature is unavailable. 
The next best option for analysis of the problem consists of 
the output from numerical models. Our present results, using 
a fully nonlinear simulation of the lateral migration of mean-
dering channels and of channel shortening via cutoffs, com-
bined with an analytical description of the linearized fl ow 
fi eld, do not support the hypothesis that long-term meandering 
dynamics is characterized by the presence of chaos and SOC.

In particular, investigating the spatial series of channel axis 
curvature resulting from numerical simulations, no nonlinear-
ity (or at least just a weak nonlinearity) seems to be present in 
the geometry of synthetic patterns. This result, confi rming the 
analyses carried out on real planforms by Perucca et al. (2005), 
could be an indication of a possible dynamical process 
according to which cutoff events prevent morphodynamic 
nonlinearities from emerging signifi cantly in the spatial distri-
bution of river patterns. The absence of a clear nonlinearity is 
also confi rmed by the negative results of the tests for the esti-
mation of the correlation dimension. Moreover, the lack of a 
robust exponential divergence of nearby trajectories which 
emerges from the analysis of the maximal Lyapunov exponent 
reinforces the idea that active meandering river geometry 
cannot be explained in terms of chaotic dynamics. Similar 
conclusions also hold for the long-term time series of the 
channel sinuosity even though a certain degree of nonlinearity 
can be detected. However, as for the planimetric pattern, even 
for the sinuosity time series the estimations of the correlation 
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Figure 7. (a) Semi-log plot and (b) log–log plot of the cumulative distribution function of neck cutoff inter-arrivals. The circles are numerical 
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dimensions and the maximal Lyapunov exponent do not give 
a clear evidence of a chaotic behaviour. Indeed, the evidence 
of nonlinearities does not necessarily imply that the dynamics 
of the system are chaotic, therefore chaos cannot be regarded 
as the only possible explanation of them.

Finally, the temporal analysis of neck cutoff processes indi-
cates that their inter-arrivals are exponentially distributed. 
Therefore, neck cutoff inter-arrivals, which describe the times 
between successive cutoff events, belong to a class of stochas-
tic processes in which events occur continuously and inde-
pendently of one another (Poisson processes), and no evidence 
of clustering is detectable. As a consequence, this lack of 
temporal power-law scaling, which emerges from the analysis 
of long-term synthetic meandering patterns, seems to argue 
against the idea that river meandering tends to a dynamical 
state of self-organized criticality (SOC).
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